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^ ' Abstract 

■ The paper deals with a mixed boundary value problem for the Stokes system in a polyhedral cone. 

^ ' Here different boundary conditions (in particular, Dirichlet, Neumann, free surface conditions) are 

, prescribed on the sides of the polyhedron. The authors obtain regularity results for weak solutions 

in weighted L2 Sobolev spaces and prove point estimates of Green's matrix. 

o 



1 Introduction 

We consider here a mixed boundary value problem for the linear Stokes system 



^Au + Vp = f, -W-u^g (1.1) 
in a polyhedral cone, where on each of the sides Tj one of the following boundary conditions is given: 
(i) u = h, 
■ (ii) Ur = ^, -p + 2e„,„(u) 



(iii) Un = h, en,r{u) = 4>, 

(iv) —pn + 2e„(u) = 0. 

Here n is the outward normal, Un — u ■ n is the normal and Ur — u — u„n the tangent component of the 
velocity u. Furthermore, e{u) denotes the matrix with the components ^{d^iUj + d^jUi), e„(u) is the 
vector e{u)n^ £„ „ = £„(«) • n its normal component and en^ri^) its tangent component. 

Conditions (i)-(iv) are frequently used in the study of steady-state flows of incompressible viscous 
Newtonian fluids. For example, on solid walls there is the Dirichlet condition (i), a no- friction condition 
(Neumann condition) 2s (u) n — pn = may be useful on an artificial boundary such as the exit of a 
canal or a free surface, the slip condition for uncovered fluid surfaces has the form (iii), and conditions 
for in/out-stream surfaces can be written in the form (ii). 

Our goal is to obtain estimates for Green's matrix. For the case of the Dirichlet problem, such 
estimates were obtained by Maz'ya and Plamenevskii [13]. As in [13] we obtain point estimates of 
Green's matrix by means of weighted L2 estimates of the solutions and their derivatives. Here, the 
weights are powers of the distances to the edges and corners. However, while the problem with Dirichlet 
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boundary conditions can be handled in weighted Sobolev spaces with so-caUed homogeneous norms, the 
more general boundary value problem considered in the present paper requires the use of weighted Sobolev 
spaces with inhomogeneous norms. This makes the consideration of the boundary value problem more 
difficult. 

We outline the main results of the paper. In Section 2 we deal with the boundary value problem for 
the Stokes system in a dihedron V, where on both sides r+, one of the boundary conditions (i) (iv) 
is given. We consider weak solutions {u,p) G H x L2{'D), where 7i is the closure of Cq°(P)'^ (the set of 
infinitely differential vector functions on V having compact support) with respect to the norm 



\u\\n = {lj2\^.M'dx,) 



1/2 



and obtain regularity assertions for the solutions. The smoothness of the solutions near the edge depends 
on the smoothness of the data and on the eigenvalues of a certain operator pencil A{X) generated by the 
corresponding problem in a two-dimensional angle. These eigenvalues can be calculated as the zeros of 
certain transcendental functions. For example, in the cases of the Dirichlet and Neumann problems, the 
spectrum of the pencil A{X) consists of the solutions of the equation 

sin(A6') (A^ sin^ - sin2(A0)) = 

(A = for the Dirichlet problem), where 9 is the angle at the edge. One of our results is the following. 
Let Ai be the eigenvalue of A{X) with smallest positiv real part, and let Wj(X>) be the closure of Cq°(^) 
with respect to the norm 

Mw^iv) = {[ E mu{x)\Uxy\ (1.2) 

|a|<i 

where r denotes the distance to the edge. We suppose that / S W^~^{V)^, g € Wg~^{'D), the boundary 
data belong to corresponding trace spaces and satisfy a certain compatibility condition on the edge, and 
max(Z - 1 - ReAi,0) < (5 < ; - 1. Then C{u,p) £ Wg{'D)^ x VK^~^(2?) for an arbitrary smooth function C 
with compact support. If the spectrum of the pencil A{X) does not contain the value A = (this is the 
case, e.g., if the Dirichlet condition is given on at least one of the sides r+,r~), then this result is also 
true in the class of the weighted spaces VjCD) with the norm 



^ 2{5-l+\a\) . - 



^|a|<; 



\dy{x)fdx) . (1.3) 



Furthermore in some cases, when Ai = 1 (e.g., in the case of the Dirichlet problem, 6 < n), the eigenvalue 
Ai in the Wj regularity result can be replaced by the second eigenvalue A2. 

The a priori estimates of weak solutions are used in Section 3 for the proof of point estimates of 
Green's matrix {Gij{x,^))jj^-i. For example in the case |a; — ^| > min(|a;'|, |^'|), we obtain 

min(0,/:i— |c«|— (5i,4— e) / |^'| \ miii(0,([i— 1/3| — 5j,4— e) 



X 



/ \X \ \ nmHU,/i-|a;|-0i,4-£; / | \mm(U,n-\f}\-0j,4-e) 



if the edge of V coincides with the x^-axis, where x' = {xi,X2), C = (^11^2), M = ReAi, and e is an 
arbitrarily small positive number. If A = is not an eigenvalue of ^(A), then there is the sharper estimate 

/ \x'\ \ /i-|a|-<5i,4-e / l^'l \ ;i-|/3|-<5j,4-e 

Moreover, in some cases when Ai = 1, this eigenvalue can be replaced in (1.4) by A2. This improves the 
estimates given in [13, 14] . For the components Gi^4 we obtain a representation of the form 

GiAx, = -Vj • P^{X, + Q^ix, 0, (1-5) 
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where the normal components of 'Pi{x,S) vanish if ^ lies on the boundary, and 'Pi{x,^), Qi{x,^) satisfy 
the estimates 

for |a; — ^1 < min(|a;'|, |^'|). The last result is of importance for the estimation of the integral 



L 



V 

in the representation of the solution of the boundary value problem to the Stokes system. 

Section 4 is concerned with the boundary value problem in a polyhedral cone K, with vertex at the 
origin and edges Afi, . . . , Af„. The smoothness of solutions in a neighborhood of an edge point xq G Mk 
depends again on the eigenvalues of certain operator pencils Afe(A). These eigenvalues are, as in the case 
of a dihedron, zeros of special transcendental functions. The smoothness of solutions in a neighborhood 
of the vertex depends additionally on the eigenvalues of a certain operator pencil 2t(A). Here 2t(A) is 
the operator of a parameter-depending boundary value problem on the intersection of the cone /C with 
the unit sphere. Spectral properties of this operator pencil are given in papers by Dauge [3], Kozlov, 
Maz'ya and Schwab [9] for the Dirichlct problem, by Kozlov and Maz'ya [6] for the Neumann problem 
and in the book by Kozlov, Maz'ya and Rossmann [8] for boundary conditions (i)-(iii). We prove the 
existence of uniquely determined weak solutions in W^ q(/C)^ x W^ q(/C) if the line ReA = — /3 — 1/2 is 
free of eigenvalues of the pencil 21(A), where o(^) the closure of Co°(^\{0}) with respect to the 
norm 



(^|xr-'+H)|5>(x)|^d.)''' 

\cc\<l 



Furthermore, we obtain regularity results for these solutions. The absence of eigenvalues of the pencil 
21(A) on the line Re A = — /? — 1/2 guarantees also the existence of a Green matrix (G^ j (.t, 0)f j=i the 
boundary value problem in the cone K, such that the functions x C(|a; — ^|/r(^)) Gij{x,S,) belong to 
g(/C) for every ^ e /C, i = 1, 2, 3 and to q(/C) for i = 4. Here C is an arbitrary smooth function on 
[0, oo) equal to one in (1. oc) and to zero in (0, i). In the last subsection we derive point estimates of this 
Green matrix. In the case \x\/2 < |^| < 2\x\ we obtain analogous estimates to the case of a dihedron, 
while in the case |^| < \x\/2 the following estimate holds: 



ik-\a\-Si,4.-s) " /J 

"1^1 



77 /rfe(x)\""n(0'«-|«|-^<.4-'=) T-r /rfc(^)\m'n(0,;ife-|7|-5j,4-e) 



Here rk{x) denotes the distance to the edge M^, A_ < ReA < A+ is the widest strip in the complex 
plane containing the line Re A = —(3 — 1/2 which is free of eigenvalues of the pencil 21(A). Furthermore, 
fik = RcA^'^\ where A^'^^ is the eigenvalue of the pencil Ak{\) with smallest positive real part. 

Note again that the exponent min(0,/ift — \a\ — Si^i — e) in the above estimate can be replaced by 
Mfe ~ — <^i,4 — e if A = is not an eigenvalue of the pencil Ak{X). Furthermore in some cases (when 
A^*^^ = 1), estimate (1.7) is valid with fxk = ReA2'^\ where X2'^ is the eigenvalue with smallest real part 
greater than 1. 

The estimates of Green's matrix obtained in the present paper can be used to prove regularity results 
for weak solutions of the mixed boundary value problem in (weighted and nonweighted) Sobolev and 
Holder spaces. As an example, we consider the mixed problem with boundary conditions (i)-(iii). We 
give some regularity results for weak solutions of this problem which are proved in [19]. Suppose the 
Dirichlet condition is given on at least one of the adjoining sides of every edge Mk- We denote by I the 
set of all k such that the Dirichlet condition is prescribed on both adjoining sides of Mk- Then (1.7) is 
valid with A_ = -1 - 2s (see [8, Th.6.1.5]), ^fe = ^ + 2e for A; e /, ^fc = i + 2e for k^I. This estimate 
together with analogous estimates for the cases |^| > 2].rj and \x\/2 < |a; — ^| < 2\x\ allows, for example, 
to obtain the following regularity result for the weak solution {u,p) G W^'-^{G) x 1/2(5) of the mixed 
problem with homogeneous boundary conditions (i)-(iii) in a bounded polyhedron Q. 
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• If / e {W^-^'igyf and g G L^iG), 2<s< 8/3, s' = s/{s - 1), then (u,p) G W^-'{gf x 12(0). 



Here W'''^{g) denotes the Sobolev spaces of all functions u such that d^u G Lg{g) for \a\ < I. Under 
additional assumptions on the polyhedron Q, this result can be improved. If the angle 9k at the edge 
is less than for k ^ I, then > 1/3, and the above regularity result is true for 2 < s < 3. We assume 
that the Dirichlet condition is given on all sides of a convex polyhedron g except the side Fi, where 
condition (ii) is prescribed, and that 6*^ < 7r/2 for fc ^ J. Then the following regularity result holds. 

• If / G {W^'^iOyf nLs{g) and g G L2{g) (iW^'^ig), 1< s < 2 (in the case s = 2, g must satisfy a 
compatibility condition on the edges), then the weak solution belongs to W'^'^{g)^ x W^'^{g). 

This result is based on the estimates /Xfe > 1, A_ = —2 (see [8, Th.6.2.7]). If 9k < §77 for fc G / and 
9k < |7r for k ^ I, then /ife > 4/3 and the last result holds even for 1 < s < 3. 

The present paper is an extension of our preprint [18]. We added here estimates for the elements of the 
last row of Green's matrix (see (1.5), (1.6) and the analogous estimate for the problem in a polyhedral 
cone) and sharper estimates for the case when A = is not an eigenvalue of the pencil Ak{X). The 
estimates in [18] so completed become sufficient to obtain various regularity results for solutions to the 
Stokes system as mentioned above. 

2 The problem in a dihedron (i2-theory) 

In the following, let K be an infinite angle in the (xi, a;2)-plane given in polar coordinates r,ip by the 
inequalities < r < oo, —9/2 < tp < 9/2. Furthermore, let 



be a dihedron. The sides {x : = ±6'/2} of V are denoted by F='=, the edge r+ n F" is denoted by M. 

We consider a boundary value problem for the Stokes system, where on each of the sides F^ one of the 
boundary conditions (i)-(iv) is given. Let = {n^^n^, 0) be the exterior normal to F^, £^(u) = e{u) ri^ 
and (u) = £^ (u) -n^ . Furthermore, let G {0,1,2,3} be integer numbers characterizing the boundary 
conditions on F+ and F~, respectively. We put 

• S^u = u for rf± = 0, 

• S^u = u-{u- n^)n^, N^{u,p) = -p + 2£^„(m) for = 1, 

• S'^u = u-n'^, N^{u,p)= (u) - (u) for = 2 

• N^(u,p) = -pn^ + 2e^(u) for = 3 
and consider the boundary value problem 



Here the condition N^{u,p) = (jr^ is absent in the case d^ = 0, while the condition S^u = is absent 
in the case d^ = 3. The boundary conditions (2.2) arise from the bilinear form 



T> = {x= {x',X3) : x' = {xi,X2) G K,X3e M} 



—Au + Vp = /, —V ■ u = g in "D, 



(2.1) 
(2.2) 




(2.3) 



(see formula (2.4) below). 
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2.1 Green's formula for Stokes system 

Let b{-, •) be the bihnear form (2.3). Partial integration yields 

b{u,v)- I pV-vdx= / {-Au-W -u + Wp) -vdx + y^ {-pn'^ + 2e{u)n'^) ■ v dx (2.4) 
J-D Jd _i_ ir± 

for arbitrary u,v € C^{VY, p G Cq^CD). As a consequence of (2.4), the following Green formula holds 
for u,vG C^{Vf, p,qG Cg^lv). 

/ (- Au - VV • u + Vp) -vdx- / {V ■ u)qdx + / ( - pn=^ + 2e(u)n=^) ■ v dx 
Jd Jd _|_ Jr± 

= / u- {-Av -VV -v + 'Vq)dx - pV-vdx + y^ u ■ {- qn"^ + 2e{v)n'^) dx. (2.5) 
Jd Jd _|_ Jr± 

2.2 Weighted Sobolev spaces 

For arbitrary real S wc denote by Vg{'D) the closure of {T)\A1) (the set of all infinitely differentiable 
functions with compact support in 'D\M) with respect to the norm (1.3), where r = \x'\ denotes the 
distance to the edge. For real 5 > —1 let Wj(X>) be the closure of Cq'{T>) with respect to the norm (1.2). 

Furthermore, let vl~^''^{V^) be the space of traces of functions from {T>) on r='= . The norm in this 
space is 

l|w|lv.J-V(r±) = inf{|k||vi(x,) : v €Vl{V), t; = w on r=^}. 

Analogously, the norm in trace space W^~^^^(r^) for Wj(2?) is defined. Note that the norm in 
is equivalent (see [11, Le.1.4]) to 

Nl = (/ / /r^1CMr,X3)-a-V,,3)r^^rfr 

+ // / |r?(a^^)(ri,X3)-(a^^)(r2,X3)f ^^^^i^dx3 

+ / ^r'^^^~^+^^^^\dlu{r,xs)\''drdxs^^'^ . (2.6) 

If 5 is not integer, —1 < 5 < I — 1, then the trace of an arbitrary fimction u e Wg{T>) on the edge M 
belongs to the Sobolev space W^~^~^{M) (see, e.g., [15, Le.1.1]). Furthermore, the following lemma holds 
(see [15, Lc.1.3]). 

Lemma 2.1 1) The space Wj(I?) is continuously imbedded into Wlz\{p) if d > and into Vg{T>) if 
S>1-1. 

2) Let u G WgCD), where 6 is not integer, S > —1. Then for the inclusion u G VgCD) it is necessary 
and sufficient that 5"m|m = for \a\ < I — 6 — 1. 

Analogously to Vg (D) and Wg (V) , we define the weighted Sobolev spaces Vg (K) and Wg (K) on the 
two-dimensional angle K. Here in the definition of the norms one has only to replace P and x hy K and 
x', respectively. For the space Wg{K) a result analogous to Lemma 2.1 holds. Furthermore, we will use 
the following lemma. 

Lemma 2.2 Let u G Vg{K), I >2. Then there exists a constant c independent of u such that 

SUp\x'f-'+'\u{x')\<c\\u\\y.^^y 

x'eic ■'^ ' 
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Proof. Let Kq = {x' € K : 1/2 < < 2}. By Sobolev's lemma, wc have 

\v{x')\ < c ||w||h''(Xo) for each v € W\Ko), \x\ = 1. 
Now let u e Vg{K) and \x'\ = p. We introduce the function v{x') = u{px') and obtain 

p'-^+' \u{x')\ = p'-^+'\v{x'/p)\<cp'-^+'\\v\\w,^j,^)=cp'-^+'[j2 [ IdS'UiP^'f dx'^ 

1/2 



(E / p'^'-'^^''^^\d>{x')\'dx')' 



l«l<i K 

p/2<\x'\<2p 

This proves the lemma. □ 

2.3 Weak solutions of the boundary value problem 

Let L\(V) be the closure of the set C^{'D) with respect to the norm 

1/2 



Y^ld^M'dx) (2.7) 



The closure of the set {V) with respect to this norm is denoted by iV) . 

Furthermore, let V. = L\{Vf and F = {w G W : S^ti = on r±}. In the case of the Dirichlet 

problem {S'^u = u), we have V =L\iVY ■ Note that, by Hardy's inequality, 



L 



x\-'\u\'dx<A\\u\\i,^^^ iovu&C^{V). 
Therefore, the norm (2.7) is equivalent to the norm 

1/2 



u\\ = [f {\x\-^\u\^ + Y.\d,,u\^dx)'\ (2.5 



and Ti can be also defined as the closure of C^{VY with respect to the norm (2.8). Obviously, every 
u e W is quadratically summable on each compact subset of T). Prom Hardy's inequality it follows that 



HIL(2,)< / {r'' + r''-')\u\'dx< 



[ r^\\uf + c\Vuf)dx 
Jt> 



for u G C^(V) and < S < 1, where c depends only on 5. Consequently, there are the continuous 
imbeddings W^{V) C L2{V) and Wi{Vf C W if < (5 < L 

By (2.4), every solution {u,p) G W|(P) x W/(D) of problem (2.1), (2.2) satisfies the integral equality 



b{u. 



v) — / pV ■ V dx = / (/ + V(/) ■ vdx + / (p"^ ■ V dx. 



for all V G C^'iiyf' (in the case S'^v = Vn-, the function <p^ has to be replaced by the vector (p^n^). By 
a weak solution of problem (2.1), (2.2) we mean a pair {u,p) gHx L2{V) satisfying 

h{u, v)- / pV ■vdx = F{v) for all v &V, (2.9) 
Jv 

-V-u = g inV, S'^u = h'^ on r=^, (2.10) 

where 

F{v)= I {f + Vg) -vdx + y^ f (t>^-vdx, (2.11) 

provided the functional (2.11) belongs to the dual space V* of V. For example, F G V* if f G Wg{'D)^, 
g G Wl{T>), 0=*= G Wg^^{T'^), i5 < 1, and the supports of /, g and are compact. 
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2.4 A property of the operator div 

o 

The goal of this subsection is to prove that the operator div : LjC^)^ ^ L2(T>) is surjective. For this 
end, we show that its dual operator is injective and has closed range. We start with an assertion in the 

o 

two-dimensional angle K. Here W (K) denotes the closure of C^{K) with respect to the norm 



and W~'^{K) its dual space (with respect to the L2 scalar product in K). 
Lemma 2.3 For arbitrary f € 1/2 there is the estimate 

< c {\\d,J\\w-HK) + \\d.J\\w-HK) + \\f\\w-HK)) (2.12) 
with a constant c independent of f . 

Proof. For bounded Lipschitz domains the assertion of the lemma can be found e.g. in [4, Ch.2,§2]. 
Let Uj, j = 1,2,. . ., be pairwise disjoint congruent parallelograms such that .K" = ZYi U ZY2 U • • • . Then 



ll/llLw = E WfWUu,) ^ c E {\\d^J\\w-^m + \\d.jfw-^iu,) + Wffw-^iu,))- (2.13) 

° 1 ° 1 

By Riesz' representation theorem, there exist functions g &W {K), gj GW {Uj) such that 

\\f\\w-^(K) = hWw^K), / fvdx={g,v)w^K) ioi allv ew\K), 

Jk 

WfWw-HUj) = hjWwHUj), / fvdx = {gj,v)w^Uj) for all v eW^{Uj), j = 1,2,.... 
Let gjfi be the extension of gj by zero. Then 



= / fgjdx = / fgjfidx = {g,gj,o)w^K) = {9,9j)w^Uj) 
JUj Jk 

and, therefore 

llffillwHWj) - llffllw'icwj)- 

Consequently, 

00 00 00 

j=l j=l j=l 

The same inequality holds for d^jf- This together with (2.13) implies (2.12). □ 

—1 ° 1 

Next we give equivalent norms in L2{'D) and in the dual space (^) of i2(^)- 

Lemma 2.4 Let F{y,^) = f{\^\~^y,£,), where f{x',^) denotes the Fourier transform of f{x',xz) with 
respect to the last variable. Then 
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Proof. The first equality follows immediately from Parseval's equality. We prove the second one. By 

o 

Riesz' representation theorem, there exists a function u GL2(^) such that 



{V), / fvdx^ / Vu-Vwrfa; for all ei^(2?). (2.14) 

Jv Jv 



Furthermore, for arbitrary ^ G M there exists a function W(-,^) GW (K) such that 

\\F{;mW-HK) = \\Wi;mWHK), 

[ F{y,OV{^dy= [ iVyW{y,0-^yVM + W{y,OVM)dy, 

JK JK 

where V{y,C) = v{\£,\^^y,£,) and v is the Fourier transform with respect to X3 of an arbitrary function 

o 

V GL^CD). From the last equality it follows that 

/ f{x',OW^dx' = r^ [ V,'W{\^\x',^)-V,,W^ + ^'wmx',OW^)dx', 

JK JK 

Comparing this with (2.14), we conclude that W^(|^|a;',^) = ^^u(x',^). Consequently, 

I \\F{;m%.,,K)di = U-'\\W{;OfwHK)d^= I I {\V .~u{x' ,0? + e \u{x' ,0?) dx' d^ 
Jm. 2 y J jjj JrJk 

The proof is complete. □ 

Theorem 2.1 1) There exists a constant c such that 

3 

||/IU.(P) < c for all f e L2{V). 

O 

2) For arbitrary f G L2{p) there exists a vector function u GL\iT>Y ^^^/i that W ■ u = f and 

<c\\f\\L2{V), 

where the constant c is independent of f. 

Proof. Let / be an arbitrary function in L2{T>) and F{y, ^) — /(|^|^^y, £,), where / denotes the Fourier 
transform of / with respect to xs. Then, by Lemmas 2.3, 2.4, we have 

2 

WfWhm = f r'\\F{;0\\UK)d^<c f {t.\\9y,F{-,0rw-^K) + \\FU)rw-HK))dC 
i=i 

From this it follows, in particular, that the range of the mapping 

L2{-D)Bf^VfeL^\vf 
is closed. Moreover, the kernel of this operator is obviously trivial. Consequently, by the closed range 

O 

theorem, its dual operator u — > —V • u maps LIC^)^ onto L2iT>). This proves the theorem. □ 
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2.5 Existence and uniqueness of weak solutions 

Lemma 2.5 There exists a positive constant c such that b{u,u) > c for all u gH. 
Proof. We have 

b{u,u) + ||w||i^(i,)3 > c||M||f^ 

for all u G C^{Vy, u{x) = for > 1 (see, e.g., [4]). We consider the set of aU u G C^(^)^ with 
support in the ball \x\ < s. For such u Hardy's inequality implies 

/ \u{x)fdx<ci [ \x\^ y2\^^M^)f dx <cie'^\\u\\'^ 



and, therefore. 



if £ is sufficiently small. Applying the similarity transformation x = ay, we obtain the same inequality 
for arbitrary u G C§°{V)^. The result follows. □ 

Theorem 2.2 Let F € V* , g € L2{V), and let be such that there exists a vector function w £ H 
satisfying the equalities S^w = on . Then there exists a unique solution {u,p) G W x 1/2(2?) of the 
problem (2.9), (2.10). Furthermore, {u,p) satisfies the estimate 

\\u\\n + \\p\\l,{v) < c + \\g\\L,(v) + Mh) 

with a constant c independent of F, g and w. 

Proof. 1) We prove the existence of a solution. By our assumption on and by Theorem 2.1, wc may 
restrict ourselves to the case g = 0, = 0. Let Vq = {u GV : V • m = 0}, and let V^^ be the orthogonal 
complement of Vq in V. Then, by Lax-Milgram's lemma, there exists a vector function u G Vq such that 

b{u,v)^F{v) forallwGFo, < c < c 

By Theorem 2.1, the operator B : u ^ —V ■ u is an isomorphism from Vq- onto L2{V). Hence, the 
mapping 

L2{V) 9 q ^ t{q) 1i/ F{B-\) - b{u, B-\) 

defines a linear and continuous functional on L2{T>). By Riesz representation theorem, there exists a 
function p G L2{T>)^ satisfying 

J^pqdx = e{q) for all g G i2(2?), Wph.iv) < c (^\\F\\v^ + \\u\\h) ■ 

If we set g = — V • w, where v is an arbitrary element of V^"'-, we obtain 

— / pV ■ V dx = F{v) — b{u, v) for all v G V,^. 
Jv 

Since both sides of the last equality vanish for v G Vq, we get (2.9). Furthermore, —V ■ u = and 
5±u|r± = 0. 

2) We prove the uniqueness. Suppose {u,p) G H x L2{T>) is a solution of problem (2.9), (2.10) with 
F = 0, g — 0, = 0. Then, in particular, u G Vq and b{u,u) = what, by Lemma 2.5, implies u = 0. 
Consequently, 

/ pV ■ V dx — for all w G F. 
Jv 

Since v can be chosen such that V • w = p, we obtain p = 0. The proof is complete. □ 
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Remark 2.1 The assumption on in Theorem 2.2 is satisfied e.g. for G Vq^'^{T^)^~'''^ . Then, by 
[11, Le.1.2], there exists a vector function w € Vq(V)^ C H satisfying S^w = on F^. (Note that 

is a vector- function ii d"^ < 1 and a scalar function if = 2. In the case = 1 the vector is 
tangential to F^, therefore, the corresponding function space can be identified with V^y^(F^)^.) 

Furthermore, for /i^ G Wg^^ (T'^)^^'^^ , < S < I, satisfying a compatibihty condition on M there 
exists a vector function w G Wg{V)^ c H such that S^w = on F^ (see Lemma 2.7) below. 

2.6 Reduction to homogeneous boundary conditions 

In the sequel, we will consider weak solutions of problem (2.1), (2.2) with data / € Wg{V)^, g G Wg{'D), 

Lemma 2.6 1) i^or arbitrary G V^^^{T^)^~'^^ there exists a vector function u G V^CD)^ such that 
S^u = on and 

||w||y/(n)3 < \\h'^\\yU^^r±)3-d± 

with a constant c independent of h'^ and . 

2) For arbitrary h^ G ^/•^(r±)3-(i ^± ^ yi ^/2^y± Y , I >2, there exists a vector function 

u G V^{T>)^ satisfying the boundary conditions 

S^u = h'^, N^{u,Q) = (jy^ on F± (2.15) 

and the estimate 

||w||yj(r.)3 < c ^ (l|/i'^llv;-i/=(r±)3-<i± + ll<^'^lly;-3/2(r±)3-d±)- (2-16) 

Moreover, i/supp/i^ G T"^ r\U and suppc^^ GT'^r\U, where U is an arbitrary domain in M^, then u can 
be chosen such that suppu G U. 

Proof. The first part of the lemma follows immediately from [11, Lc.1.2]. For the proof of the second 
part, we assume for simplicity that F^ coincides with the half-plane = (i.e., x\ > Q, x^ = 0) and F+ 
with the half-plane ip = 6. Then the boundary conditions 

S-u = h-, N-{u,0) = (l)^ onF" (2.17) 

have the form u = h~ on F^ if d~ = 0, 

Ui = hi , Us = h'^ , 2dx2U — on F~ if d~ = 1, 

U2 = h~, -ei^2{u) = 4>i , -e3^2{u) = 4>3 on r~ if rf" = 2, 

-2sj^2{u) = (}>J on F" for j = 1, 2, 3 if d' = 3. 

In all these cases, the existence of a vector function u G V^'(P)'^ satisfying (2.17) can be easily de- 
duced from [11, Le.3.1]. Analogously, there exists a function v G y/(X>)'^ satisfying S'^v = h'^ and 
N^(v, 0)v ~ on F+. Let C = (^{(f) be a smooth function on [0, 9] equal to 1 for <^ < 6/2 and to zero 
for If > 39/4. Then the function w{x) — ({if ) u{x) + (1 — C{f )) v{x) satisfies (2.15). □ 

The analogous result in the space Wj holds only under additional assumptions on the boundary data. 
If M G VFJ(P)"^, 6 < I — 1, then there exists the trace u\m G VF'~^^'^(Af)'', and from the boundary condi- 
tions (2.2) it follows that S^u\m = ^^|m- Here 5+ and S~ are considered as operators on W^~^{M)^. 
Consequently, the boundary data /i+ and h~ must satisfy the compatibility condition 

{h+\M,h-\M) ^R{T), (2.18) 

where R{T) is the range of the operator T = {S^ , S^). For example, in the case of the Dirichlet problem 
(d+ = d~ = 0), condition (2.18) is satisfied if and only if /i+Im = ^~|m, while in the case d~ = 0, d"*" = 2 
condition (2.18) is equivalent to /i~|m • n'^ = h'^\M- 
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Lemma 2.7 Let G ^/^{Y^f-d"^ and cf)^ € W^"^/^(r±)'^*, <l-2 <S <l-l, be functions 
vanishing for r{x) > C. Suppose that /i"*" and h~ satisfy the compatibility condition (2.18) on M. Then 
there exists a vector function u £ Wj(X')^ satisfying (2.15) and an estimate analogous to (2.16). Moreover, 
ifsupph^ eT^ r\U and supp^^ gT^ r\U, where U is an arbitrary domain in M? , then u can be chosen 
such that supp u gU. 

Proof. By (2.18), there exists a vector function ip G W^-'^-^{M)^ such that S^ip = H^Im- Let 
V G Wg{T>)^ be an extension of tp. Then the trace of h"^ — S^v\y± on M is equal to zero and, consequently, 
/i± - S^v\r± e yj"^/^(r±)3-'^=' (cf. Lemma 2.1). Furthermore, cf>^ - N^{v,0)\r± G W^'^^^ (T^)'^^ C 
^'-3/2^P±^(i ^ xhus, according to Lemma 2.6, there exists a function w G Vg(T>)^ such that S'^w = 
- S^v and N^{w, Q) = (j>^ - N^{v, 0) on r±. Then u = v + w satisfies (2.15). □ 

2.7 A priori estimates for the solutions 

The proofs of the following lemmas arc essentially based on local estimates for solutions of elliptic bound- 
ary value problems in smooth domains. In the sequel, Wlg^{'D\M) denotes the set of all functions u on 
D such that (u belongs to the Sobolev space W^V) for arbitrary C G C§°{V\M). 

Lemma 2.8 Let u G Wl^^(p\Mf n V^_^{Vf and p G W°^(^\M) n Vf_\{V) satisfy 

b{u, v)- [ pV-vdx = F{v) for all v G C^{V\Mf, (2.19) 

-Vu = g inV and S^u = /i± on r±, where F G Vf^iV)^, g G Vg°{V), /i± G Vg^'^{r^f-'^^ , < ^ < 1. 
Then u G Vl{Vf, p G V^{V), and 

l|w||y/(x>)3 + Ibl|y0(x>) < c (||i^||y-i(x>)3 + 11511^0(1?) + \\^^\\v,^^^{r±) + \\^\\v°_,{-d)^ + \\P\\vf_\(v))- 

Proof. Due to Lemma 2.6, we may assume without loss of generality that h^ = Let be infinitely 
differentiable functions such that 

suppO,fc C {x : 2'=-! < < 2''+\ j-l< 2-^x^ < j + 1}, ^ = 1, \d^Cj,kix)\ < c2-'=l«l. 

i+1 fc+i 

Furthermore, let rjj^k = ^ ^ Ci,i- Obviously, T]j_k = 1 on suppCj\fe- We introduce the functions 

i=j~l l=k-l 

Cj.kix) = Cj.fe(2*=.T), fij^kix) = rij.k{2^x), g{x) = g{2''x), p{x)_ = p{2''x), u{x) = 2-''u{2''x), and v{x) = 
2^'^v{2''x), where v is an arbitrary vector function from {T>\M)^ . Then the support of C,j^k is contained 
in the set {x : 1/2 < r{x) < 2, j — l<X3<j + l} and the derivatives of Q^k are bounded by constants 
independent of j and k. Furthermore, we have —V ■ u = g in T>, S^u = on r='=, and 

b{u,v) — / pV-vdx = F{v), 
Jt> 

where F{v) = 2^^'^F{v). Using local estimates of weak solutions of elliptic boundary value problems in 
smooth domains (see e.g. [1], [7, Sec.3.2]), we obtain 

IIC7,feW|lv,i(X>)3 + \\Cj,kP\\vO(V) < C (ll%fc-^lly-i(x,)3 + \\Vj,kg\\vO{v) + \\Vj,ku\\v°_,{T'r + H^J'^^H y-JiC^')) 
with a constant c independent of j and k. This implies 

IIO,feW||y^i(X>)3 + \\Cj,kP\\v°{-D) ^ C (ll%,'=-P|ly-i(x>)3 + ll^j,feffllyO(X>) + \\Vj,kU\\yo_^^-jys^3 + \\Vj,kP\\l-_\CD)) 
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with the same constant c. It can be proved analogously to [7, Le.6.1.1] that the norm in V^{V) is 
equivalent to 

+00 ^ ,2 

M = { E IIO,Hly,H2^)) ■ 

The same is true (cf. [7, Sec. 6.1]) for the norm of the dual space VZgiT^)- Using this and the last in- 
equality, we conclude that u G Vg{'D)^, p e VgCD). Moreover, the desired estimate for u and p holds. □ 

Analogously, the following lemma can be proved (see [11, Th.4.1]). 

Lemma 2.9 Let {u,p) be a solution of problem (2.1), (2.2), u e Wil^{V\Mf n VgZli'Df, 
p e Wil^(D\M) n V/li (X>) I > 2. Suppose that f G V^~'^{Vf, g e V^^~'^{V), and the components of 
h^ andcj)^ are from vl~'^''^{V^) andVl~^''^{V^), respectively. ThenueVj{Vf and p £ Vj~'^ {V) . 

Furthermore, there is the following result (cf. [16, Le.2.3]). 

Lemma 2.10 Let {u,p) be a solution of problem (2.1), (2.2), and let (,ri be infinitely differentiable 
functions on V with compact supports such that rj = 1 in a neighborhood of supp^. Suppose that rju S 
WL(^\M)^ n WlzliV)^ w G WUV\M) n W^lCD) l > 2, rjf e W^^Vf, r^g G Wf^V), and the 

components of rjh^ and rjcj)"^ are from Wg~^^'^ (T"^) and Wg~^^^{T'^), respectively. Then (^u e Wj(I?)^ 
and Cp e W^f\V). 

2.8 Smoothness of aJa-derivatives 

Our goal is to show that the solution {u,p) of problem (2.1), (2.2) belongs to WgCD)^ x W/(I') if 
/ e W^{Vf, g e W^(P), h^ e Wg^^iV^f-"^^ and VK|/^(r±)''* , < (5 < 1. For this end, wc show in 
this subsection that dx^u G Vg{T>)^ and dx^p G V^{'D) under the above assumptions on the data. Due to 
Lemma 2.7, we may restrict ourselves to homogeneous boundary conditions {h^ = 0, = 0). 

Lemma 2.11 Let {u,p) & H x L2{T>) be a solution of problem (2.9), (2.10). Suppose that g G y/(I>), 
< 5 < 1, = 0, and the functional F has the form 

F{v) = I f-vdx, 
Jt> 

where f G Vg{'D)^. We assume further that f and g have compact support. Then dx^u G V^_-^{T>)^, 
dxsP^Vf_\{V) and 

\\9x,u\\vO_^(Ty)S + \\dx,p\\vi_\(V) ^ C (||/||y0(j,)3 + ||5lk/(X)))- 

Proof. First note that F G H* C V* and g G L2(T>) under the assumptions of the lemma. For 
arbitrary real h let Uh,{x) = h^^ [u{x' , x^ + h) — u{x' .x^,)). Obviously, 

b{uh,v) - I phV ■ vdx = b{u,v-h) - / pV ■ v-hdx = F{v-h) = / fh-vdx 
Jt> Jv Jt> 

for all V G V, —V ■ uu = gu in and S'^Uh = on F'''. Consequently, by Theorem 2.2, there exists a 
constant c independent of u, p and h such that 

WWli + \\Ph\\l,(v) < c (lIMI^. + hhWl^^-D)). (2.20) 

We prove that 

/" /^''-'(lIMI^. + \\9h\\1,(v)) dh < c (11/11^0(^)3 + (2.21) 

J 
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Indeed, let g{x\^) be the Fourier transform of ^(a;',a;3) with respect to the variable 0:3. Then 

/ h^'-'\\9h\\Uv)dh= h^'-^\e'^'^-lf\~g{x',0\'dx'd^dh 
Jo Jo JkJk 

= c[ [ \e-''\9{x',0\'dx'd^< [ [ r^'-^l+r'e)\9{x',0\'dx'd^<c\\g\\U,^. 

Furthermore, if x is a smooth function, < x < 1, X = 1 for r > /i, x = for r < h/2, |Vx| < ch~^, and 
£ is an arbitrary positive number, then 



/ fh-vdx 




/ / • v^h dx 






Jv 



where Vh = {x £ V : r{x) < h}. Here 



\V-h\\L2(V)3 



da:^v{x', X3 - th) dt dx < 119^,3 i;|||^(p)3 < ||?;||^. 



Using Hardy's inequaUty, we further obtain 



r/hr-'v.h\\l,^^,y.<c r^^h^-''\dril-x)v-h\ dx<c / {\v.h? + \drV.n\') dx < c\\v\\^^. 



■v 



dh 



Consequently, for < e < 1 — 5 we obtain 

POO POO 

/ h''-' < c / (||x/IU.(i,)3 + iir^-^/^^-viiL(^,)0 ' 

< \f{x)\' h''-' dh + r'-'^ h?'-^+'^ dh) dx < c 11/11^0(^)3. 

This proves (2.21). Next we prove that 



+ IIP.II^- (^) < c h''-' {inrn + WPhWUv)) dh. (2.22) 



It can be easily shown (see [22, Le.3]) that 

ii5x3«fvo_,(2.)3 = / / \xf'-'\e\u{x',crdx'd^ 

2 

<c I f \e-^'(\^?\u{x',0? + Y.\^^M''',0?)dx'd^ 

= cj j (Jh''-'\e'i'^-l\'dh) {\e\u{x',0\'+i2\^.M^',i)\')dx'd^ = jh^'-^WWl. 



m. K 
Furthermore, since 



/ d^.pvdx^ < [ [ \e'\v{x',o\^dx'd^ [ [ \e-^'\p{x',o\^dx'd^ 

Jv JrJk JrJk 



< I I r-''il + r'mHx',Ordx'd^ / / \^r''\pix',0\'dx'd^ 
IrJk JrJk 



< 



I I \e-''\p{x',i)?dx'd^ 
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and 



we obtain 



oo 

R K m. K 

OO 

= c J h^'-'\\Ph\\l,^T,)dh, 



||M^i(^)< / /' \^r''\p{x',0\'dx'd^<c r h''-'\\Ph\\Ur>)dh. 
■5-1^ JrJk Jo 



irJk Jo 
This proves (2.22). Now the assertion of the lemma follows immediately from (2.20) (2.22). □ 

Corollary 2.1 Let the assumptions of Lemma 2.11 be satisfied. Then dx^u G Vg{'D)'^, dx^p € VsC^) 
and 

\\9xM\vl{V)^ + 115x3^11^,0(17) < C (||/||yO(I.)3 + \\g\\vl{V))- 

with a constant c independent of u and p. 

Proof. From Lemma 2.11 and well-known local regularity results for solutions of elliptic boundary 
value problems (sec e.g. [1],[7, Scct.3.2]) we conclude that d^^u e Wil^{V\M)^ n V^_-^{'D)^ and dx^P € 
L2,ioc{V\M) n Vg-^^{V). Obviously, 

h{dx:,u,v)- I dx^pV-vdx^ [ dxj-vdx for all w G C^(^\M)^ 

where dxj G Vg~^{V)^), -V • dx^u = dx-^g G Vg°{V), and S^dx^u = on r±. Applying Lemma 2.8, we 
obtain dx^u G Vg{V)^, dx^p G Vg{T>) and the desired inequality. □ 

2.9 Auxiliary problems in the angle operator pencils 

Suppose {u,p) is a solution of the Stokes system (2.1) with homogeneous boundary conditions (2.2) which 
is independent of 0:3. Then W3 is a solution of the problem 

-A^ms = /s in K, U3 = hf on r± for < 1, ^ = ^± on for d^ > 2, (2.23) 

where Ax' denotes the Laplace operator in the coordinates x' = {xi,X2), whereas the vector {u',p) = 
{ui, U2,p) is a solution of the two-dimensional Stokes system 

-Ax'u' + '^x'P = f, -Vx'-u' = g inK, (2.24) 

with the corresponding boundary conditions 

S^u' = h'^, N^{u',p) = (t)'^ on7±. (2.25) 

Here 

S^u' = u' if d^ = 0, S^u' = u' -T^ if = 1, S^u' = u' -ri^ if d^ = 2, 
N^{u',p) = -p + 2(£(u')n=^) • if = 1, N^{u',p) = {e{u')n'^) ■ if = 2, 
N^{u',p) = -prv^ + 2E{u')n^ if = 3, 

by £{u') we denote the matrix with the components eij{u), i,j = 1, 2, and is the unit vector on 7=*=. 

Setting u = r^U{ip), p = r^^^P((^) we obtain a boundary value problem for the vector function {U, P) 
on the interval {—9/2, +9/2) quadratically depending on the parameter A G C. The operator A{X) of this 
problem is a continuous mapping 

^'(-i+l) X W\-l,+l)^L2{-l,+l) X W^i(-|,+|) X C3 
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for arbitrary A. As is known, the spectrum of this pencil A{X) consists only of eigenvalues with finite 
geometric and algebraic multiplicities. We give here a description of the spectrum for different d~ and 
Without loss of generality, we may assume that d~ < 

1. In the case of the Dirichlet problem {d~ = d+ = 0), the spectrum of the pencil A{X) consists of the 
numbers ^ , where j is an arbitrary nonzero integer, and of the nonzero solutions of the equation 

Asin6'±sin(A6') = 0. (2.26) 

2. d~ =0, rf+ = 1: Then the spectrum consists of the numbers where j = ±1, ±2, . . ., and of the 
nonzero solutions of the equation 

A sin(26») + sin(2A6l) = 0. (2.27) 

3. d~ =0, d+ = 2: Then the spectrum consists of the numbers j = ±1, ±2, . . . and of the nonzero 
solutions of the equation 

A sin(26») - sin(2A6i) = 0. (2.28) 

4. d~ =0, rf+ = 3: Then additionally to the numbers ff' i = =^2, . . ., the solutions of the equation 

Asin6l±cos(A6') = (2.29) 

are eigenvalues of the pencil A{X). 

5. = rf+ = 1: Then the spectrum consists of the numbers and ^ ± 1, where j, k are arbitrary 
integers, j ^ 0. 

6. d~ = 1, (i+ = 2: Then the spectrum consists of the numbers and |f ± 1, where j is an arbitrary 

integer and k is an arbitrary odd integer. 

7. = 1, (i+ = 3: Then the numbers j = 0, ±1, ±2, . . ., and all solutions of (2.28) belong to the 

spectrum. 

8. d~ = <i+ = 2: Then the spectrum consists of the numbers and ^ ± 1, where j, k are arbitrary 
integers. 

9. d~ =2, rf+ = 3: Then additionally to the numbers j = 0, ±1, . . ., the solutions of (2.27) belong 
to the spectrum. 

10. In the case of the Neumann problem {d~ = = 3) the spectrum of the pencil A{X) consists of the 
numbers where j is an arbitrary integer, and of all solutions of (2.26). 

We refer to [5, 21] and for the cases 1 and 3 also to [8, 14]. 

Note that the line Re A = may contain only the eigenvalue A = and that A = is an eigenvalue 
only if one of the following conditions is satisfied: 

1. rf+ = 3 and rf" > 1 (or = 3 and d+ > 1), 

2. 1 < rf+ = rf- < 2 and 6» e {tt, 2tt}, 

3. d+ = 1, d- =2 (or d' = 1, d+ = 2) and 6 e {f , ^}. 

The eigenvectors corresponding to the eigenvalue A = are of the form ([/, P) = (C, 0) , where C is 
constant, and have rank 2 (i.e., have a generalized eigenvector). 

Lemma 2.12 Let {u,p) G Wq{K)^ x L2{K) he a solution of problem (2.23)-(2.25) vanishing outside 
the unit hall. Suppose that f E Wg{K)^, g G Wg{K), < 5 < 1, h"^ ^ 0, (f)"^ = 0, and that the strip 
0<ReA< 1 — S does not contain eigenvalues of the pencil A{X). Then u G W|(if)'^, p G Wl{K), and 

\\u\\w^(K)s + \\p\\wl(K) < c f ||/||vv0(if)3 + llfl'llw^iw)- 
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Proof. Since the support of {u,p) is compact, we have {u,p) € V^{K)'^ x V^{K) with arbitrary £ > 0. 
Consequently, u admits the representation u = c + d log r + v with constant vectors c, d and v {K)^ ■ 
Furthermore, p €:V^ {K) and 

l|w||y^2(;^)3 + \\p\\vi(K) < C {\\f\\v^>(Kr + hWvliK)) 

(see, e.g., [7, Th.8.2.2]). Since u G W^{K)^, we conclude that d = 0. The result follows. □ 

For the proof of higher order regularity results, we need the following lemma. 

Lemma 2.13 Let I be a integer, I > 1. Furtherm,ore, let J he a homogenous vector polynomial of degree 
I — 2, f = Oifl — 1, ga homogeneous polynomial of degree I — 1, = c^r'' , and <jr^ = d^r'^^, where 
e C'^^'' , and d"^ E . We suppose that X = I is not an eigenvalue of the pencil A{X). Then there 
exist unique homogeneous polynomials 

u= Cijx\x2, p= di^jx\x^2^ (2.30) 

i+j=l 

where Cij G C'^, rfj.j G C, such that {u,p) is a solution o/ (2.23)-(2.25). 

Proof. Inserting (2.30) into (2.23)-(2.25), we obtain a linear system of 4^ + 3 equations for 41 + 3 
unknowns Cij,dij. Since A = Z is not an eigenvalue of ^(A), the corresponding homogenous system has 
only the trivial solution. Therefore, the inhomogeneous system is uniquely solvable. This proves the 
lemma. □ 

Lemma 2.14 1) Let {u,p) e V^~'^{Kf x V^~'^{K) be a solution o/ (2.23)-(2.25). Suppose that 

f e V^-'iK)\ g G Vt\K), h^ G Vr^'ij^f-'^^ 0± G Vt'^'i^f^f^ 

I > 3, and that the strip I — 2 — S < KeX < I — 1 — S does not contain eigenvalues of the pencil A{X) . 
Then {u,p) e Vj{K)^ x V^-'^{K). 

2) Let {u,p) G W^s~\Kf X Wl~^{K) be a solution o/ (2.23)-(2.25). Suppose that 

f G WfiKf, g G Wt\K), h^ e Wl-'/\j^r'^\ G W^-'^'i^^r^ 

I > 3, < S < 1, 6 is not integer, and that the strip I — 2 — 6 < Ke X < I — 1 — 6 does not contain 
eigenvalues of the pencil A{X). Then u G Wl{K)'^ and p G Wl~^{K). 

Proof. For the first assertion we refer to [7, Th.8.2.2]. We prove the second one. Let C be a smooth 
cut-off function in 'E? equal to one for \x'\ < 1 and to zero for |x'| > 2. Furthermore let m^^^ be the Taylor 
polynomial of degree Z — 3 of u, and p(^) the Taylor polynomial of degree / — 4 of p, p^^^ = if / = 3. 
Then there are the representations 

where G V^^-^{Kf and G Vl'^^K) (see [7, Th.7.1.1]). From (2.23)-(2.25) it follows that 
-A.,«\4°Vv.y = F', -V..-«\«f)=G, -A.,uf =F3ini^, 

where F = (F',F3) G Vt^{Kf n W^-'^iKf, G G Vg^'^iK) n Wl'^iK). Furthermore, 

and 
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An analogous inclusion holds for the traces of U3 and du^ /dn^, respectively. By [7, Th.7.1.1,7.1.3], 
there are the representations 

F = C Yl F,jx\xi + F, G = C Gi,jx\xi+G, 

i+j=l-4 i+j=l-3 

iJ± = Cc±r'"2_^iJ±, and 4>± = Cd=^ r'-=^ + l>±, where F G Vj-'^{Kf, G G V^-^{K), G Vg~^^^{j^), 
G V^'~^^^(7^)- Now the desired result can be easily deduced from assertion 1) and Lemma 2.13. □ 

2.10 Regulairity assertions for weeik solutions 

Lemma 2.15 Let {u,p) e H x L2{T>) be a solution o/(2.9), (2.10). We assume that the support of{u,p) 
is compact, the functional F has the form (2.11), where 

< ^ < 1, and that /i^ G Wg^^{T'^)^~'^^ satisfy the compatibility condition (2.18). // there are no 
eigenvalues of the pencil A{X) in the strip < ReA < 1 — ^, then {u,p) G W|(I?)^ x WjiV) and 

\Mw^{vY + Ibllvyicx-) 

< c (||/||vy0(i.)3 + llflllvyicx.) +X]ll^'^llvKf ^r±)3-<i± + Y\\^'^\\wI'\t±)^-^^\ (2-31) 
where the constant c is independent of f, g, h^, and <fy^. 

Proof. Due to Lemma 2.7, we may assume without loss of generality that =Q and (jx^ = 0. By our 
assumptions on u and p, we have u(-, 2:3) G Wq{KY and p{-, xz) G L2{K) for almost all X3. Furthermore, 
by Corollary 2.1, {dx3u){-,xz) G Wl{K)^ and {dx3p){-, x^) G Wg{K). Consequently, for almost all X3, the 
function Us{-,X3) is a solution of problem (2.23) with /s + d^^us — dx^p G W^{K) on the right-hand side 
of the differential equation, while u'{-,Xz) = (7ii(-, .rs), 772(-, .^s)) is a solution of problem (2.24), where /' 
und g have to be replaced by /' + d^^u' and g + dx^u^, respectively. Applying Lemma 2.12, we obtain 
U{;X3) G W^iKf, p{;X3) G Wl{K), and 

ll"(->a;3)||^2(^)3 + lb(->a;3)||^i(^) 

) 2:3)11^0(^)3 + ||5(-,a::3)|j^^i(^) + ||(9a;3u)(-, a;3)||^i(^)3 ■ ■''''i)\\w(>{K)) 

with a constant c independent of 3:3. Integrating this inequality with respect to X3 und using Corollary 
2.1, we obtain the assertion of the lemma. □ 

The following lemma can be proved in the same way using Lemma 2.14. 

Lemma 2.16 1) Let {u,p) be a solution o/(2.9), (2.10) such that dl^{u,p) G Wj"^(D)^ x Wj"^(D) for 

j = and j = 1- Suppose that 

f G w^-^ivf, g G wl-\v), h^ G w]-'/'(r±)3-'^*, G w]-^/'(r±)'^^, 

1 > 3, < 5 < 1, 6 is not integer, and that the strip 1 — 2 — 5 < Re A < 1 — 1 — 5 does not contain 
eigenvalues of the pencil A{X). Then u G Wj(P)^ and p G Wl~^{V). 

2) The same result is true in the class of the spaces Vj . 

Theorem 2.3 Let C, 77 be smooth cut- off functions with support in the unit ball such that ri = 1 in a 
neighborhood o/suppC, and let {u,p) €Tix L2{T>) be a solution o/(2.9), (2.10), where F is a functional 
on V which has the form (2.11) with 

Vdij&W^iVf, rjdi^geW,\V), ry^^^^ G W^,'/'(r±)'^* f or j ^ 0,1, ... ,k. 
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We assume further that ^dl^h"^ € W^^^{T^)^ '^^ for j = 0, 1, . . . , A;, /i^ satisfy the compatibility condition 
(2.18), < 6 < 1, and the strip 0<ReA<l — ^ does not contain eigenvalues of the pencil A{\). Then 
Cd^^{u,p) G Wf{Vf X W/(D) and there is the estimate 



c{T.{\\^9iJ\\^o^^^s + \\vdi^g\\ 
^(r±)3-'i± +X]ll'^^^3<^^llw^i/='(r±)3-d±) + \\vu\\w^(v)3 + \\rip\\w»(v))- (2-32) 



Proof. 1) First we prove the theorem for k = 0. Prom (2.9), (2.10) it follows that {(u, (p) satisfies the 
equations 

6(Cw, v) — QpV ■ vdx = I fv + 2_] / gvdx for all v gV, 
Jv Jv _|_ Jt± 

-V • (Cm) = Cfl - (VC) -u in S^(Cu) = Qh"^ on r=^, 

where 

3 3 

fi = Cfi-'^ Y,{d^, £i,o {u) - J2 dx, {u,d^, C + u,d,^ - pd,^ c e w'^ {V) 

~9i = C9i + ^Ui + Und:,,C&Wl'^{T^). 

Applying Lemma 2.15, we obtain the assertion of the theorem for A; = 0. 

2) Let the conditions of the theorem on F, g and /i^ with fc = 1 be satisfied. Moreover, we suppose that 

rjdl^h^ G Vg^^{r^)'^^'^^ for j = and j = 1. By x and xi we denote smooth function such that x = 1 in 
a neighborhood of supp^, Xi = 1 in a neighborhood of suppx, and 77 = 1 in a neighborhood of suppxi- 
Furthermore, for an arbitrary function -u on D or r='= we set Vh{x',X3) = h~^(v{x',xs + h) — v{x',X3)). 
Obviously, {uh,Ph) € W x L2{T>) for arbitrary real h. Consequently, by Theorem 2.3, we have 

IICw?i||w^2(p)3 + \\C,Ph\\wl{T>) < c {\\xfh\\w°{'Dr + \\X9h\\wl(v) + 'Yl llx/ift llv-//2(r±)3-<i± 

+ Y\\x4>h\\vl'\T±Y-i^ + llxwh||w/(i>)3 + \\xPh\\w°^(v)) (2-33) 

with a constant c independent of h, where X is a smooth function, x = 1 in a neighborhood of supp Q, 
?7 = 1 in a neighborhood of suppx- Here xfh = {xf)h — Xhf and, for suflaciently small \h\ we have 

\\ixf)h\\wO(I>)^ = X'"'' I / ^^{x',X3 + th)dt\\x < \\dM)\\l^o^T,y 

WXhfWwo^v)^ < c||r?/||H.o(c)3. 

Analogous estimates hold for the norms of X9h, Xf^h ^nd X'Ph^ X^^h, and XPh on the right-hand side of 
(2.33). Here one can use the equivalence of the norm in yj~^^^(r±) with (2.6). Hence the right-hand 
side and, therefore, also the limit (as /i — » 0) of the left-hand of (2.33) are majorized by 

1 

wl(v) yj*/2(r±)3-d± 
j=o ± 

2(r±)3-<i± + 11X1^^3 ■"IIW^1(I>)3 + 11X1^X3^11^0(17)) • 

By the first part of the proof, the norm of Xidx3{u,p) in WHJ))^ x is majorized by the right-hand 
side of (2.32) with fc = 0. This implies (2.32) for fc = 1. 
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Suppose now that rjdl^hr^ e W^^^{T^)^~'^^ for j = 0,1 and the compatibihty condition (2.18) 
is satisfied. Then there exists a vector function V € W^'^^~^ {MY such that S^ip = {r]h^)\M- Let 
V S W^^'^{J)Y be an extension of ip. Then x^i^iK^ — S^v)\m = for j = 0, . . . , A; and, consequently, 

we can apply the result proved above to the vector function 
{u - v,p) and obtain (dxsiu -v,p)& W|(I?)3 x wf{V). 

3) For A; > 1 the theorem can be easily proved by induction. □ 

Moreover, the following generalization of Theorem 2.3 holds. 

Theorem 2.4 Let C, t/ be the same cut-off functions as in Theorem 2.3, and let {u,p) E Ti. x L2{T>) he 
a solutions of (2.9), (2.10). Suppose that F is a functional on V which has the form, (2.11) with 

vdU e Wt\vY, rjdi^g G W^'ip), rjOi^c^^ G w'f'^\T^f^ for j = 0, 1, . . . ,fc. 

Furthermore, we assume that rjd^^^h^ G Wg -'^/^(r±)3-'^* for ) = 0, 1, . . . , k, satisfy the compatibility 
condition (2.18), < S < I — 1, 6 is not integer, and that the strip <RcX < I — 1 — S does not contain 
eigenvalues of the pencil A{X). Then Cdi^{u,p) G VFj(r')3 x Wg^\V) for j = 0,1,..., k. 

Proof. 1) We consider first the case k = 0,0<S<l and prove the theorem for this case by induction in 
I. For I = 2we can refer to Theorem 2.3. Suppose the assertion is proved for a certain integer I = s>2 and 
the conditions of the theorem are satisfied for I = s + 1. We denote by x and xi the same cut-off functions 
as in the proof of theorem 2.3. Then, by the induction hypothesis, wc have Xi(^'jP) G Wg{T)Y x VF|^^(2?) 
and xidx^iu.P) £ W-^Hvf x Wl~'^{V). If s > 3, then this implies that xAA'^J-^P) G H x L2{V) and, 
by the induction hypothesis, we obtain x^xsiu^p) G W^{VY x W|^^(X>). For s = 2 the last inclusion 
follows from Theorem 2.3. Consequently, we have xdl^{u,p) G W^{V)^ x Wg^^{'D) for j = and j = 1. 
Using this result and Lemma 2.16, we obtain C(w,p) G W^+^{Vf x W^{V). 

2) Now let fc = and a < 5 < a + 1, where a is an integer, 1 < a < I — 2. Since < 5 — a < 1, 
Vf e W',Z:-\V)^ rjg G W'sZl-'iV), rjh± G wlzT'^^T^f-^^ and r;(/)± G wlZ^'^'ir^Y^ it follows 
from the first part of the proof that x(":P) ^ W^Z'^iV)^ x Wlz1~^{V). Using Lemma 2.10, we obtain 
the assertion of the theorem for fc = 0. 

3) We prove the assertion for fc > 0, / — 2 < 5 < / — 1. Then, according to Theorem 2.3, we have 
xdl^{u,p) G W'5^_;+2(^)"' ^ ^^i-;+2(^) foi' j = 0,1,..., fc. Using Lemma 2.10, we obtain xdi^{u,p) G 
Wl{Vf X Wt\T>) for j = 0, 1, . . . , fc. 

4) In the case fc>0, 0<(5<Z — 2we prove the assertion by induction in k. Suppose the theorem is 
proved for A: — 1. From parts 1) and 2) of the proof we conclude that x('")P) G W^i(^)^ x Wg^^CD) and 
Xdx3{u,p) G Wg~'^{'Df X Wj"^(D). The last inclusion implies xdx3iu,p) & Hx L2{'D). Consequently, by 
the induction hypothesis, we obtain Cdl^dx^{u,p) G Wl{Vf x W^"^(P) for j = 0, . . . , fc - 1. The proof 
of the theorem is complete. □ 

2.11 The case when A = is not an eigenvalue of A(X) 

The number A = does not belong to the spectrum of the pencil A{X) if either d+ ■ rf~ = or 

d+,d- G {1, 2} and e^{l,l+ tt}, (2.34) 

where fc = 1 if d+ = rf~ , A; = 2 if d+ ^ d~ . In these cases, we have 

u\m=0 if u G W|(X>)^ < (5 < 1, S+u\m = 0, S'uIm = 0. 
Using this fact, we can easily deduce the following result from Theorem 2.3. 

Lemma 2.17 Let (, rj be the same cut-off functions as in Theorem 2.3, and let {u,p) €Hx L2{V) he a 
solution o/(2.9), (2.10). We suppose that 
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for j = 0,1, ... ,k, where < 6 < 1, and that the functional F on V has the form (2.11). We assume 
further that the strip 0<ReA< 1 — ^ does not contain eigenvalues of the pencil A{X). Then C,d^^ {u,p) S 
VgCD)^ X VgCD) and there is an estimate analogous to (2.32). 

Proof. From Theorem 2.3 it follows that (d^^{u,p) S Wg{'D)^ x Vg{V). Furthermore, we have 
^^C^x^uIm — C(^^.,^''^|m = and, therefore, Cd^^u\M = 0. From this and from Lemma 2.1 we conclude 
that (dl^^u e V^{Vf. This proves the lemma. □ 

Furthermore, the following generalization holds. Using the second part of Lemma 2.16, it can be 
proved analogously to Theorem 2.4. 

Theorem 2.5 Let (, rj be the same cut-off functions as in Theorem 2.3, and let {u,p) x L2{T>) be 
a solution of {2.9), (2.10). Suppose that 

for j ~ 0,1, . . . , k, and that the functional F on V has the form (2.11). If < S < I — 1, S is not integer, 
and the strip < Kc X < I — 1 — S does not contain eigenvalues of the pencil ^(A), then (^dl^{u,p) G 
V^{Vf xVl-\V) for j= 0,1,..., k. 

2.12 The case when A = 1 is the smallest positive eigenvalue of A{\) 

The number A = 1 belongs to the spectrum of the pencil A(X) for all angles 9 \{ d'^ + d~ is even. Here, 
A = 1 is the eigenvalue with smallest positive real part if 

d"*" + d~ is even and 6 < —, where m = 1 if d"'" = d~, m = 2 if d'^ ^ d~ . (2.35) 

m 

Then the eigenvalue A = 1 has geometric and algebraic multiplicity 1. For even c?+ and d~ there is the 
eigenvector {U,P) = (0,1), for odd d+ and d~ the eigenvector {U,P) = (sin i^s, — cos (^9, 0, 0). Under the 
above restrictions on 9, generalized eigenvectors corresponding to the eigenvalue A = 1 do not exist. 

In the case (2.35), the result of Theorem 2.4 can be improved. However, then the boundary data and 
the function g must satisfy additional compatibility conditions on the edges. We restrict ourselves in the 
proof to the Dirichlet problem 

-^u + Vp = f, -V ■u = gmV, u = h^onV^. (2.36) 

Suppose that {u,p) G WfiVf x W^V) is a solution of problem (2.36), < 5 < 1. Then the traces of 
dxjU, j = 1, 2, 3 on M exist. From the equations —W-u = g and u|r+ = /i"*" it follows that 

-dxiUi\M - dx^U2\M = g\M + dx3h'^\M ■ (2.37) 
Furthermore, the equations m = /i^ on r='= imply that 

9 6 

cos- dxiUj\M ±sm-dx^Uj\M = drhf\M for j = 1, 2, 3. (2.38) 

The algebraic system (2.37), (2.38) with the unknowns O^iUjIm and '"jIm, 3 = 1) 2, 3 is solvable if and 
only if 

n~ ■ drh~^\M + n+ ■ drh^\M = (sIm + i^o^a/is |m) sin 61. (2.39) 

Theorem 2.6 Let {u,p) be a solution of problem (2.36), and let Q,ri be the same cut-off functions as in 
Theorem 2.3. Suppose thatr]{u,p) <G'HxL2{V), r]f G Wl~'^{Vf, rjg e W'f\V), r]h^ = r]{hf,h^,hf) G 
^j-i/2^p±^3^ ' ^ 3, < ^ < Z — 2, (5 is not integer, 9 < tt, X = 1 is the only eigenvalue of the pencil 
A{X) in the strip 0<RcX<l — 1 — S and that the compatibility conditions /i+Im = /i~|m and (2.39) are 
satisfied. Then € W^{Vf and Cp e Wl~\V). 
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Proof. We prove the theorem first for / = 3. Let X) Xi be smooth functions on V such that % = 1 in 
a neighborhood of suppC, xi = 1 in a neighborhood of suppx, and = 1 in a neighborhood of suppxi- 
Then, by Theorem 2.3, we have xi^xgU S W|(D) and Xi^xsP S WgCD). Let c(x3), d{x3) be vectors 
satisfying 



-ci{x3) - d2{xs) =g{0,X3) + (^xg/ia )(0,a;3), cos - 0(2:3) ± sin - d(a;3) = {drh^){0,X3) 
for xs € M Ci supp C and the estimate 

|c(x3)| + \d{x3)\ < C (|<?(0,X3)| + \{d,,ht){0,X3)\+J2\idrh^Mx3)\) 

with a constant independent of X3. Furthermore, let 

v{x',xs) = u{x',X3) - /i+(0,a;3) - c(a;3)a;i - d{xs)x2. 

Since Xii' , X3)u{- , X3) G Wg{K)^ and v{0,X3) = 0, it follows that Xi(-) a;3)^*(-; 2:3) G Vg{K)^ (see [7, 
Th.7.1.1]). With the notation v' = {vi,V2), f = {h,h) we have 

-^.x:v'{-,X3) + Vx'P{-,X3) = F'{-,X3), ■v'{-,X3) = G{-,X3), -\x:V3{-,X3) = F3{-,X3) mK 

and v{-,X3) = H^[-,X3) on 7^, where 

F'{x) = f{x) + dl^u'{x), F3{x) = f3{x) + d^u - dx,p, 
G{x',X3) = g{x',X3) - g{Q,X3) + dx3{u3{x' ,X3) - M3(0,a;3)), 
H^{r,X3) = h^{r,X3) - h^{Q,X3) - (a^/i±)(0, 2:3) r 

Obviously, x{- , X3) F {■ , X3) S W}{KY C V^{K)^ for almost all 2:3 e Mflsuppx- Furthermore, since 
G(0,a;3) = 0andH±(0,.T3) = (9^i7±)(0, .X3) = 0, we have x(-, 2:3) G(-, .T3) e Vi(K) and x(-, 2:3) i?±(-, 2:3) G 
y^/'^{Y±Y . Since in the strip 0<ReA<2 — (5 there is only the eigenvalues A = 1 of the pencil A{\) with 
the corresponding eigenvector {U, P) = (0, 1) and without generalized eigenvectors, we conclude that 

C(-, 2:3) {v{; X3)M: 2:3) - P(0, 2:3)) G Vi{K f X Vi{K) 

(see, e.g., [7, Th.8.2.2]). From this we conclude that C(-) 2:3) m(-, 2:3) G W^{K)'^ and C(-) 2;3)p(-, 2:3) G 
W^{K). Analogously to the proof of Lemma 2.15, it follows that C (w,p) G Wl{Vf x W|(I>). Thus, the 
theorem is proved for / = 3. For I > 3 the result holds analogously to Theorem 2.4 by means of Lemma 
2.14. □ 

Furthermore, the following assertion holds (see the third part of the proof of Theorem 2.4). 

Corollary 2.2 Let {u,p) he a solution of problem (2.36), and let C, 77 be the same cut-off functions as 
in Theorem, 2.3. Suppose that ri{u,p) eHx L2{V), rjdlj G W'f'^iVf, rjO^^g G W^-^{V), r^dl^h^ G 
^/'^{Y^Y' for j = 0,1,..., k, where l>3, 0<S<1 — 2, Sis not integer, and 9 < %. Suppose 
further that \ =1 is the only eigenvalue of the pencil A{\) in the strip 0<ReA<Z — 1 — ^ and that the 
compatibility conditions /i+Im = h~\M and (2.39) are satisfied. Then (dl^{u,p) G Wj(X>)^ x Wg~^{V) 
for 3 =0, l,...,fc. 

Remark 2.2 The results of Theorem 2.6 and Corollary 2.2 can be extended to other boimdary conditions 
in the case (2.35). Then the traces of , drh^ , <jr^ and g on M must be such that the system 

S^u\m = ft-^lM, S^{cos^{dxiU)\M ±s\n^{dx^u)\M) = drh^\M, N^{u,p)\m = (/>^|m, 

{dxiUi)\M + {dx2U2)\M + Ox^UsIm = g\M 

(with the unknowns UM,{dxiU)\Mj{dx2''^)\M^ and p\m) is solvable. For example, in the case of the 
Neumann problem (rf+ = d~ = 3) the boundary data t/i^ must satisfy the condition 

n'^ ■ (f)~ = n~ ■ (/>"'" on M, 
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while in the case d = 0, d"*" = 2, the data h~^, h , ^+ and g must satisfy the compatibihty conditions 
/i~ • n+ = /i+ and 

drh+ cos 26* - (2n+cos6» + n~)drh~ + 2sin2 61 (^f cos6»/2 + ^+ sin6»/2) + ^{g + d^^h^) sm2e = 
on the edge M. 

3 Green's matrix of the problems in half-space and dihedron 

In this section, we study Green's matrices of boundary value problems to Stokes system in the half-space 
= {x = {xi,X2,Xs) G : X3 > 0} and in the dihedron V. For the problems in R^, we find explicit 
representations of Green's matrix Q{x,£,). 

3.1 Green's matrix in the half-space 

We consider the Stokes system 

-Au + Vp = f, ~V ■u = g (3.1) 
in the half-space M'^ with one of the following boundary conditions 

(i) u{x) — (Dirichlet condition), 

(ii) ui{x) = U2{x) = -p + 2dx^U3{x) = 0, 

(iii) Ms (a;) = dx3Ui{x) = 9^3 '"2 (a;) = (free surface condition), 

(iv) dxiUs{x) + dx3Ui{x) = W3 (a;) + 9x3U2{x) = —p + 29x3 U3 (a;) = (Neumann condition) 

on the plane X3 = 0. By Green's matrix of this problem we mean a matrix ^"""(a;,^) = {Gt,ji^'0)'i j=i 
such that the vector Qj' = {Q^j , Q2J , G^jY and the function Q^j satisfy the equations 

-Aj+ix,0 + ^.r5tji^,0 = Hx - ,62,1,63,3)*, -V, • g+ix,0 = 6ijix - (3.2) 

for a;,^ G M'^, j = 1,2,3,4, and the corresponding boundary condition for a:;3 = 0, ^ G Mi^. Here 
Sij denotes the Kronecker symbol and {ai, a2, a^Y the column vector with the components 01,02,03. 
Furthermore, the vectors Hf = {G i'^, 0^2 ^ Si's)* ^^'^ function Gi'^4 satisfy the equations 

-Ain+{X,0 + ViGti{x,0 ^ 6{X - {S^,l,S^,2,6^,3y, ^ ■ ?{+ (x, = 6^,4Six - (3.3) 

for a;,^ G R-|-3, i = 1,2,3,4, and the corresponding boundary condition for ^3 = 0. From (3.3) and 
Green's formula in the half-space (cf. (2.5)) it follows that the solution {u,p) of the boundary value 
problem is given by 

uiix) = I {f{0 + '^M)-nt{x,Odi+ [ g{OGU^,Od^, 

p{x) = -g{x) + [ (/(O + V^5(0) • ^4 Od^+ [ 5(0 ^4+4 dC- 
Note that in the case of boundary conditions (i) and (iii), there are the simpler formulas 

ui{x) = j f{^)-nt{x,Od^ + j g{OGUx,Od^, 
p{x) = j f{i)-nt{x,Od^ + j g{^)gl^{x,^)d^. 
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We denote by Q{x, ^) = (Qij (x, S,))^ j-i Green's matrix of Stokes system in M'^, i.e., the matrix satisfying 
(3.2) for x,^€ R^, j = 1,2,3,4. The components of g{x,£,) are (see [10, 14]) 

eij(i,0 = -S,,4(i,£) = 3^^:^ 'otJ = 1.2.3, S4,4(i,«) = -«(i-£)^ (3.5) 

Note that gi.j{x,S^) = Qj.i{£.Tx) for i,j = 1,2,3,4. In [14] also the Green matrices for the problems in the 
half-space with boundary conditions (i) and (iii) are given. We calculate here the Green matrices for the 
problems with boundary conditions (ii) and (iv). 

Lemma 3.1 The components of Green's matrix for the problem in with boundary condition (ii) are 

gtji^,0 = Q^A^'^0 - {-^f"'Q^A^^C) for i+j<7, gt4^,0 = -s{x - 0, 

where ^* — (^1,^2, —^3), and Qij is defined by (3.4), (3.5). 

Proof. Let F{^) = /(^) + Vjff(0- Furthermore, we define F{^) and g{C) as 

^(0 = ^(0. m = 5(0 for 6 > 0, Fjio = -i-if-'FjiC), m = -gin for ^ < o. 

Then the functions 

3 

3 

p{x) = -2g{x) + V / F, (0 g4,j [x, d^ 
3 

= ~2g{x) + ^ / F,{0 (GiA^A) - (-l)'-^a4,,(x,r)) d^ 

satisfy (3.1) for 0:3 > 0. Furthermore, since ft,j(a;',0,0 = {—^y^''^Oi,j{x',0,^*) for i = 1,2, we have 
ui(x',0) = U2{x',0) = 0. We show that $(a;) = —p{x) + 2dx3Us{x) vanishes for X3 = 0. Using (3.4), 
(3.5), we get 

^{x) = 2g{x) - ^^{x) - [ 5(^) + d^, 

47r 2ndx3jK3 d^3\\x-^\ \x - 



where 



+ J ^3(0 [ |^_^|5 + |^_^*|5 ) d^ 



\x-^\^ \x-^ 



Integrating by parts, we obtain 

$x = 2g{x)-—^{x) + —— -^i] ^ + 1 7^ 

4tt 2wdx3j^3 d^3 y\x-^\ \x-^*\J 



■KdxzJK^ |a;-(f,0)| 
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Here as a;3 0, 



as a;3 — > 0, and from the equality 



r 

Jo 



it follows that 

Consequently, <i?(x',0) = 0. This means, the vector function {u,p) introduced above is a solution of 
system (3.1) with boundary condition (ii). The result follows. □ 

Lemma 3.2 The components of Green's matrix for the Neumann problem to the Stokes system in the 
half-space M.\ are given by 



n+ r c\ n r c\ n r c*\ ^ d f X3 , 3:36(2:3+ 6) \ . , „ 



gU^,o = ^3,3(^,0 - GsAx^n + + 



4TTdXi\\x-^*\ \x-^ 

1, 



a4V^,o = -^(^-o + ^^^^4^, gt,{x^o = gU^,x) for ^,J = 1,2,3,4. 

P r o o f. We define the functions F, F and g by F(6 = /(O + V^5(0, 

^(0 = ^(0, 5(0 = 9io for 6 > 0, m) = i-iy-^Fjic), m = ain for 6 < 0. 

Then the functions 

3 



3 

= E / (^i,.(3:,o + {-iy-'giAx,n) [ 5(0 (^,4(3^,0 + Gi,4{x,n) d^, 

3 

p(ar) = -2ff (x) + V / (0 54,,- (x, rf^ 

= -2g{x) + ^ / j;(6 {Qa,Ax,^) + (-l)'-^e4,,(x,6)) 

,=1 J^x 
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satisfy (3.1) for X3 > and the boundary conditions dxiU3{x) + dx3Ui{x) = dx2U3{x) + dx3U2{x) = on 
the plane X3 = 0. We consider the function 



1 d 



atsVx-t \x-t*\y 



2-K dx3 Jms V |x - $1 \x-^*\ 
The restriction to the plane 0:3 = is 

Trigs |(a;',0)-^|3 

The vector {v, q) with the potentials 

Vi{x) = -^( ^''/ '■''j'^ ^{y')cki', 1=1,2, 

4tt 7r2 \x - y'|3 



47r 7r2 V|a; - 2/'| \x-y'\^J 
2ndx3 J^2 \x-y'\ 

(here, for the sake of brevity, we wrote y' instead of {y', 0)) satisfies the equations —Av+Vq = 0, V-v = 0. 
Furthermore, from the equalities 

f {Xi - y.)4 ^, ^ fori = 1,2, A / dy' = i 

(see [14, Appendix 1]) it follows that 



, 1^"3 

£/a;3 



and 

9f3 3 /■ - y^a^i , , M , , 3 /■ z,($(x' + X3z')-^(a;')) , , ^ 

as X3 — > 0, i = 1,2. Consequently, the vector function {u — v,p — g) is a solution of the system (3.1) 
satisfying the Neumann condition (iv). It remains to represent v and q in terms of F and g. For i = 1, 2 
we have 

Stt^ ^ Jul dxid^j Js2 \x-y'\ \y' - 
,J_f p(f:]_^f ( ^^36 g 3:3^1 \ , , ,^ 

^_ [ {x, - y,)x3 . ,x , , , J_ f dg{^) d f X3^3 , 

2n L \x - y'P ' + 47r2 L 5^ dx, L \x - y'\ \y' - 
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Using the equality 

Jm? \x-y'\^\y' \x-^*\ 

(see [14, Appendix 1]), we obtain 

for i = 1, 2. Analogously, 

-3(-) = 8^ 1 4 1 ( I. - yZ' -^\^ -^s \x- y'\W - a- ) 

L /■ F(f:\ [ ( ^ _ ^ ^3 \ / 2g3 _ d \ 

^^kl '^^'L^\x-y'\ dxs\x-y'\J\\y'-^\^ 5^ I?/' - a^^* ^ ^ 



87r2 



_j_f Ml f ( A 4 )dy'd^ 

^TT^ki 96 Ly\x-y'\\y'-^\^ d^s\x-y'\^\y'-^\J ^ ^ 
47rjR3^ V|x-^*| |a;-^*|3 |a;-^*|5 7 



and 



= g As ^^-(^^ L k - y'\ \y' - 

/■ /■ r 2^3 a 4^ 

^47r2 9x3^3^ L\\x-y'\\y'-^\3 \x - y'\\y' - J ^ 

TT dx3 V - y'l 277^ iRS^ 7112 \x - y'\ \y' - ^|3 

27i"t-^7Ki ^ 5a;39^j|a;-^*| 27r ' ' 9x3 V|a; - ^*| |a;-C*P>' 



j=i •"^+ 



1 /■ 1 



dxsd^s \x-^*\ 

Now the assertion of the lemma follows directly from the above obtained representation of the solution 
{u — v,p — q). □ 

As a consequence of the last two lemmas and the analogous results for the boundary conditions (i) 
and (iii), we obtain the following theorem. 

Theorem 3.1 1) g+Jx,0 = gU^,x) for i,j = 1,2,3,4. 
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2) The components of Green's matrix G{x, ^) satisfy the estimate 

md^iOU^^Ol < Ca,-y \X - ^|-l-*.4-^„4-|a|-|7l 

where the constants Ca,-y are independent of x and ^. 

3) There exist vector functions Pj{x,^) = {Pi,j{x,(,),P2j{x,^),P3j{x,(,)), j = 1,...,4, such that 
Gtj{3:,0 = -^x ■Pj{x,0> P3,j{x^O\x3=o = 0, and 

\d:dJPj{x,^)\ < c„,^ \x - (3.6) 

Proof. Assertions 1) and 2) are obvious. The functions Q^j, j = 1, 2, are of the form dxjPj{x, £,) with 
a function Pj satisfying (3.6). The function Q^^ can be written in the form 

+ 19/1 1 \ 

_ I 4^ d / {xj -^j){xz-£,z) {xj - £,j){x3 - 1 d / (xg -6)^ a^j - \ 

47r^5a;,V |a; - ) Att dxz\ \x - \x - ) 

in the case of boundary condition (ii) and in the form 

^ I Sr^ d {Xj -^j){xs+^3) _ J 1 r, Xs{X3 + 

2n^^dxj \x-^*\^ 47r aa;3 V |a; - ^1 \x - ^*\ \x-^*\^ J 

in the case of Neumann condition (iv). For the function Qf^ there are the representations 

= -^(- = ^ A. + ^) 

^1^9^/ 1 1 N 1 d ^ Xs-^s Xs + ^s \ 

Air ^dx^.\\x-^\ \x-^*\J 47raa;3V|a;-^|3 ^ \x-^*\J 

in case (ii) and 

r+ ( <:\- -R( ^ 1 _ 1 . / 1 _ 1 1 

= J_ V — /"^^ - — ^ ( Xs-is X3+^3 \ 

Att ^dx^A\x - ^\ \x-C\J AndxaKlx-^f \x-^*f) 

in case (iv). Similar representations hold for boundary conditions (i) and (iii). This proves assertion 3). 
□ 

3.2 Estimates of Green's matrix in the dihedron 

Let G{x,£,) = {Gij{x,£,))'^ .^-^ be Green's matrix for problem (2.1), (2.2), i.e. the vector functions 
Gj = {G\^j,G2,kiGz,k) and the function G4J are solutions of the problem 

-AxGj{x, e) + VxG4,,-(a;, = 5{x - {h,o,52,j, 5s,j)\ 
- • Gj {x, = 5{x - 5A,j for x,ieV., 

S^Gj{x,^) = 0, N^{d,) (G,(a;,0,G4,,(x,0) =0 for a; G r±, ^ G 2? 
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More precisely, if G{x,£,) denotes Green's matrix for Stokes system in (see (3.4), (3.5)) , then we define 
Green's matrix G{x,S,) = {Gij{x,S,))j j^i of problem (2.1), (2.2) by the formula 

G{x,o = i^{^,OG{^,0 + Ri^,0- (3.7) 

Here ip(x,^) is a smooth function of x and ^ equal to 1 for small ja; — ^| and to zero for large |a; — ^ 
is large and for x near the edge M, and the vector function i^Rj,Rij) — [Rij,R2j,R3j,R4,j) is the 
uniquely determined weak solution of the problem 

-A:,Rj{x,^) + VxR4,j{x,^) = S{x-^){5i^j,62,j,63^j) 

-y^Rj{x,^) = 5ij5{x - + yx{^{x,^)gj{x,0) forxGV, j = 1,2,3,4, 

sfRj{x,o = -sf{Hx,ogj{x,o), 

N^{Rj{x,0,R4A^,0) = -Nf{i>{x,OQj{x,0,^{x,i)giAx,0) for x e r±, 

j = 1,2,3,4. Since the right-hand sides of the above equations are smooth, have compact supports and 

vanish near the edge, this problem has a unique weak solution (i?^ (■, ^), i?4j (■, ^)) for arbitrary ^ G D. 

According to Theorem 2.4, we have have even C{Rj{-,O^Ri,ji-'0) ^ ^sC^)^ ^ with a certain 

5 < Z — 1 for an arbitrary smooth function ( with compact support. 

Theorem 3.2 1) Fori,j = 1,2,3,4 there are the equalities 

Gij{tx,t(,) = Cij{x,£,) for arbitrary t > 0, x,^€V (3.8) 

and 

G,Ax,0 = G,4^,x) (3.9) 

2) Every solution {u,p) € Cq°{'D)'^ of equation (2.1) satisfying the homogeneous boundary condition 
(2.2) is given by the formulas 

Ui{x) = [ {f{0 + '^M)-Hi{x,Od^+ [ 9{0Gi,4i^,0d^, ^ = 1,2,3, (3.10) 

p{x) = -9ix)+ [ (fiO + yM) -114^,0^1^+ [ 9i0GAA^,0d^, (3.11) 
Jv Jv 

where Hi denotes the vector function (Gi.i, Gi,2, G/^s)*. 

3) The functions Gij{x,^) are infinitely differentiable with respect to x,^ € V\M, x ^ For 
I a; — ^1 < min(|x'|, |^'|) there are the estimates 

\d^d^Gij{x,i)\ < dx-^r^-''''*-*.''*-!"!-!''! (3.12) 

For j = 1, . . . , 4 there is the representation G4j{x, ^) = — Vx • Pj{x, ^) +Qj{x,^), where Pj{x, ^) • = 
for X € r^, ^ GV, and Pj, Qj satisfy the estimates 

|a«a^^P,-(a;,OI <Ca,^k-^r'-'^'*-'"l-l^l, md^iQj{x,0\<Ca,j\e\-'-''''-^"^-^^^ (3.13) 
for \x-^\<mm{\x'\,\e\). 

Proof. 1) (3.8) follows immediately from the definition of G{x,^). We show that Green's formula 

(2.5) is valid for u{x) = Gi{x,y), p{x) = Gi^4{x,y), v{x) = Gj{x,z), q{x) = G4j{x,z), where y and 
z are arbitrary points in V. Let C be a smooth function on the interval (0, oo), ({t) = 1 for i < 1/2, 
C(t) = for t > 1, and let £ be a sufficiently small positive number. By Theorem 2.4, the vector functions 
r](Gj{-.£,).G4j{-,£,)) belong to WgiV)^ x W^~-^(X>) with a certain (5 </ - 1 for an arbitrary smooth 
function rj with compact support equal to zero in a neighborhood of Consequently (2.5) is valid for 
the following vector functions {u,p) and {v,q). 
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(i) u{x) = C(^) y), p{x) = C(^) G4,i{x, y), v{x) = (l - d^)) G^{x, z), 

q{x)^{l-C{^))G4,,ix,z) 

(ii) u{x) = (1 - C(^)) Gi{x, y), p{x) = (1 - C(^)) G^Ax, y), v{x) = C(^) G, (x, z), 
q{x)=Q{^)Gij{x,z), 

(iii) u{x) = (1 - C(^)) G.(x, y), p{x) = (1 - C(^)) G4,.(x, y), 

v{x) = (C(^) - C(^)) Gi{x, z), q{x) = (C(^) - C(^)) G,j{x, z), 

where R is an arbitrary positive number. From the last statement it follows that (2.5) is also valid for 

(iv) u{x) = (1 - C(^)) G.{x,y), p{x) = (1 - C(^)) G4,,(x,y), v{x) = {l - C(^)) Gj{x,z), 
p{x) = {l-a^)) G,j{x,z) 

To see this , one has to show that all integrals in (2.5) tend to zero as i? ^ oo if 

u{x) = {l-a^))Gi{x,y), p{x) = {l-a^))G4,i{x,y), (3.14) 
vix) = (1 - C(^)) Gj{x,z), q{x) = (1 - C(^)) G,Ax,z). (3.15) 

For the integral 

/ (-Am - VV • m + Vp) • V dx 
Jv 

this is evident. It vanishes for large i?, since {u,p) and v have disjoint supports. Furthermore, for these 
{u,p) and (w, q) and sufficiently large R we have 



L 



2 

u • (-Aw - VV ■ w + Vg) da; 



< c( y" |Gz(x,2/)| ^ |i?-i|G4_^.(a;,2)|) dx)^ 

'Dr(z) 

<c I \x\-''\G^{x,y)\^ dx [ (|xr2|G,(x,z)p + |VlG,(x,z)p + |G4,,(x,z)|2)(ix, 



Cr(z) I>h(2) 

where 'E>fl(^) = {x : R/2 < \x — z\ < R}. The right-hand side of the last inequality tends to zero 
as i? ^ oc', since G{x,^) can be written in the form (3.7) and the norm in H is equivalent to (2.8). 
Analogously, it can be shown that the other integrals in (2.5) tend to zero as i? — *■ oo if u, v,p, q are given 
by (3.14), (3.15). 

Finally, all integrals in (2.5) vanish if 

(v) u{x) = C{^)Gi{x,y), p{x) = C{^)G^Ax,y), v{x) = C{-^)Gj{x,z), q{x) = G.jix, z), 

and e is sufficiently small. Then the supports of {u,p) and {v, q) are disjoint. From the validity of (2.5) 
for (i), (ii), (iv), (v) it follows that this formula is applicable to u{x) = Gi{x,y), p{x) = GiAx,y), 
v{x) = Gj{x,z), and q{x) = G4,j{x,z). This implies Gij{y,z) = Gj^i{z,y). 

2) follows immediately from (2.5) and (3.9). 

3) Let be the set of &\\ x such that dist(a;, r+) < 2 dist(x, F"), and let to denote the distance 
of the set {x G P+ : \x'\ = 1} to F". Furthermore, let C be a smooth function on (0, oo), ({t) = 1 for 
t < to/2, C{t) = for t > to. 

Suppose that ^ e r>+. Then the function x — > CC''^^) vanishes on F". We write the Green matrix 
G{x, ^) in the form 

G{x,^) = C(^^) g+{x,0+R+{x,^), (3.16) 
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where Q^{x, ^) is the Green matrix of the problem in the half-space with the boundary conditions S~^u = 
0, N^{u,p) = on the plane containing r+. Then the vector functions dJ[Rj'{-,S,),Rlj {-,£,)) are the 
unique solutions in W x L^iV) of the problem 

-A,a^'i?+(a;,C) + V,i?+/x,C) = -V • G+{x,(,) = *,(a;,0 for x &V, 

S+d'lR+{x,i) = 0, N+dl{R+{x,0,Rl,{x.O) = T,- for x G r+, 
S-d]R+{x,0 = 0, N-d]{R+{x,0,Rtji^,0) =0 for a; G T", 

where = -A.a^^(G, -C(^)a+) + V.a^^(G4,, -C(^)e4+,), = -A.9^^(G, -C(^)g+). The 
functions \E'j and Tj are infinitely differentiable with respect to x and vanish for — ^| < to\C\/2 and 
k - 61 > <o|6'|- For 6 e D+, 6'| = 1 all derivatives d^^j{x,^), d^^j{x,^) and d^fj{x,^) are bounded 
by constants independent of x and 6- Consequently, there exist constants Ca,-y such that 

|a«aji?+.(ar,0| < Ca,7 for 6 G 2^+, l^'l < 1, 1/2 < k'| < 2. 

Since the functions Rfj{x,£,) (as well as Gij{x,£) and 5i|j(a;,6)) are positively homogeneous of degree 
— 1 — 5i^i — 6j^4, we conclude that 

\9yjRtj{x,0\ < Ca,j |^'|-i-'5*,4-i..4-|a|-|7l for ^ g 1?+, |^'|/2 < |ar'| < 2|6'|. (3.17) 

Analogously, this estimates holds for ^ e 2?_ = {x G P : dist(a;,r-) < 2 dist(3;, r+)}, \^'\/2 < \x'\ < 2|$'|. 
This proves (3.12). 

By Theorem 3.1, there exists a vector function Pj~ satisfying (3.6) such that —^x'Pj^{x,^) = Otji^: 
and Pj'{x,^) • n+ = for a; G r+. Thus, one can write (3.16) in the form 



for 6 G T>+, where R^j satisfies (3.17). Analogously, we obtain the representation 

G4,,(x,0 = -C(^^) V. •P^-(x,0 +i?4-^.(x,e) 

for 6 G V-, where , R^j satisfy the estimates (3.6) and (3.17), respectively, and P~{x,S) • n~ = for 
a; G r~. Let 77 """(C) be a function depending only on ^'/IC'I) infinitely differentiable for 6' 9^ such that 
,y+(^) = 1 for 6 G V\D_, 77+ (6) = for 6 £ T^\D+. Furthermore, let r/"(6) = 1 - 7;+(^). Then 

G^,iM = -C(^^) 5]r?±(0 V. -Pf (x,0 + = -Vx-Pj{x,0+Qj{x,0, 

where 

Obviously Pj and Qj satisfy (3.13). The proof is complete. □ 

Next we prove estimates of Green's matrix in the case \x — ^\ > min(|x'|, |^'|). Let Ai be the eigenvalue 
of the pencil A{X) with smallest positive real part, and let A2 be the eigenvalue with smallest real part 
greater than 1. We define 

_ J Re Ai if d"*" + d~ is odd or d"*" + d~ is even and 6* > tt/to, , ^ 

^ 1^ Re A2 if rf+ + d~ is even and 6 < n/m, \ ■ ) 

where m = 1 if rf+ = d~ , m = 2 if d+ ^ . 
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Lemma 3.3 Let B be a ball with radius 1 and center at Xq, dist(a;o, A^f) < 4. Furthermore, let (,ri be 
smooth functions with support in B such that r] = 1 in a neighborhood o/suppC- Ifri{u,p) G H x L2{T>), 
-Au + Vp = 0,V ■u = inVnB and S'^u = 0, -/V=^(u,p) = on r± n B, then 

sup f|x'r^(l"l-''+^'°)|C(a;)a^,^3u(a;)| + \x'\^''<\"\+^-^'+^'0) \C{x)d^,divix)\) 

<c{\\rju\\n + \\w\\l2{v)), 
where e is an arbitrary positive constant. 

Proof. Let e be such that fj, — e G {k.k + 1). Then 6 = k+ l~ii + £€ (0, 1). Furthermore, let x 
be a function from C^{B) such that Cx = C and r]x = X- Since the strip 0<ReA<A; + l — (5 = /Lt — e 
does not contain eigenvalues of the pencil A{X), it follows from Theorem 2.4 and Corollary 2.2 (see also 
Remark 2.2) that d^xu) G W^+^lvf, d^xp) G W^+\V) for j = 0,1,.... Using Lemma 2.10, we 
even get d^xu) G W^'+^+^VY, d^xp) e W.^'+^Vf, for = 0, 1, . . . and 

\\9i,{xu)\\w^+-;+2(^Tyy + \\di^{XP)\\w^+-+^(vY < c(||??w||w + \\vp\\l2(v)) ■ (3.19) 

In particular, for < |q;| < /c — 1 we have d",dl^{xp) € Wg{T>). Since W^{K) is continuously imbedded 
into C{K), we conclude that 

sup \d^,di^{xp){x',X3)\ < c sup \\d",di^{xp){-,X3)\\wiiK) 
Furthermore, using the continuity of the imbedding W2{M) C C(M), we obtain 

sup \\d^>di^{xpK;Xs)\\^.^j,^ < c (\\d^,di^{xp)\\wn-o) + Wd^'dit'MWwn-D)) ■ 

This implies 

sup \d^,di^{xp){x)\ < c{\\r]u\\n + \\vp\\l2{v)) 

If \a\ > k, then we conclude from (3.19) that d^,di^{xp) G W^_^^.,^^^^{V) c y/_fc+i+|„|(2?). Using 
Lemma 2.2, the continuity of the imbedding W2{M) c C{M) and (3.19), we obtain 



sup \x'f-^+\-\ \d:,di^{xp){x',X3)\ < c sup \\d^,di^{xp){;X3)\\y. ,K) 

x'£K,x3e9. x^m «-fc+i+i<»i 

< c {\\d:,di^{xp)\\v^_^^^^^^^v) + \\dx'dit\xp)\\vi_,^,^^^^-D)) < c {\\vu\\n + \\rip\Uv)] 



for \a\ > k. Consequently, 



sup \xT<^'\"\+^-^+'^\C{x)d^,di^p{x)\ < c {\\r,u\\n + \\r}p\Wv)). 
xeTi 

Analogously, it can be shown (cf. [16, Le.2.9]) that 

sup \xT^^^^\"\-^'+'^\ax)d^,di^u{x)\ <c{\\i^u\\n + ||r?p||L,(i,)). 
xeTi 

The proof is complete. □ 

If A = is not an eigenvalue of the pencil A{\) (i.e., if rf+ • = or condition (2.34) is satisfied), 
then the estimate in the last lemma can be improved for \a\ < ReAi. 

Lemma 3.4 Let B, (,r] be as in Lemma 3.3, and let r]{u,p) G W x L2{T>) be such that — Au + Vp = 0, 
V-u = in V (iB and S^u = 0, N'^{u,p) = onT^ (iB. If X = is not an eigenvalue of the pencil 
A{X), then 

sup \x'\^"\-^'^^^+^(\ax)d^,diXx)\ + \x'\ \ax)dS,di^p{x)\) <c{\\vu\\n + WvPh^iv))- 
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Proof. Let (5 = 1 — Re Ai + e, and let x be a function from Cq°{B) such that Cx = C a^^d rjx = X- By 
Lemma 2.9 and Theorem 2.5, we have 

for arbitrary integer k. Using this inequality, Lemma 2.2 and the continuity of the imbedding W2{M) C 
C(M), we obtain 



sup |xf \d^,di^{xu){x',xs)\ < c sup \m>di^{xu){;xs)\\y. (^)3 

< c {\\d^,di^{xu)\\y2^^^^^^y + \\d:,di+\xu)\\v^^^^^^ivr) < c {WrjuWn + Wvph.iv))- 

Analogously, 

sup \d^,di^{xp)ix',X3)\ <c{\\7^u\\n + \\vp\\L,(v)). 

{x' ,X3)^'D 

The result follows. □ 
Theorem 3.3 For |a; — ^| > min(|a;'|, |^'|) there is the estimate 

\d^,d^^^d§dlG,,M\ < c|.-^|---l«l-l/'l— (J^)"'" (3-20) 

where T = 1 + Si^4 + Sj^4, e is an arbitrarily small positive number, and ai^a = min(0, /i — |a| — Si^i — s). 
In the case when X = is not an eigenvalue of the pencil A{X), then estimate (3.20) holds even with 

o'i.a = Re Ai — \a\ — Si^4 — e for \a\ < Re Ai — Si,4- 

Proof. Due to (3.8), it suffices to prove the estimate for |x — ^| = 2. Then, under the assumption 
min(|a;'|, |^'|) < |a; — ^|, we have max(|x'|, |^'|) < 4. Let Bx, be balls with centers x and ^, respectively, 
and radius 1. Furthermore, let C and rj be infinitely differentiable functions with supports in Bx and B^ 
equal to one in neighborhoods of x and ^, respectively. By Lemmas 3.3 and 3.4, we have 

4 3 

Y,\er-'Kd:,d^^,diG.Ax,o\<c(Y.u-)^^^^ (3-21) 

for i = 1,2, 3, 4. Let F and g be smooth functions, and let 



Ui{y) = / r]{z)F{z) ■ Hi{y,z)dz+ r]{z) g{z) Gi^y, z) dz, i = 1,2,3, 
Jt> Jt> 

P{y) = -V{y)9{y)+ r]{z)F{z)-Hi{y,z)dz+ I r}{z)g{z)GiAy,z)dz. 
Jv Jt> 

By (2.4) and (2.5), the vector {u,p) is a solution of the problem 

b{u, v) — pV ■ vdx = I r]{y) F{y) ■ v{y) dy for all v gV, —V ■u = rjg in X>, S^u = on F^. 
Jv Jv 

Since rjF vanishes in Bx, wc conclude from Lemma 3.3 that 

\xT^-''\d-,d^^u{x)\ + \x'r^--\d^,d^^p{x)\ <c{\\Cu\\n + \mL.iv)) <c{\\F\\v, + \\gh.^v)), 
where c is independent of x and ^. Consequently, the functionals mapping {F, g) to 

|x'|-"'-5^'5-3«i(x) = Ix'l""*- / r,{z) {Y,Fi{z)d^,dlfii,i{x,z)+g{z)d'^,dlfii,4{x,z)) dz. 
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i = 1,2, 3, and 

f ^ 

\xT'-dS,d^,^p{x) = IxT^'" / r,(z) (^F,iz)d^,d-,^G,A^,z)+giz)d^,d:^G,A^,z)) dz 

can be extended to linear and continuous functional on V* x L2{T>). The norms of these functionals are 
bounded by constants independent of x. Therefore, 

3 

for i = 1,2, 3, 4. Prom this and from (3.21) we obtain the assertion of the theorem. □ 

4 The boundary value problem in a polyhedral cone 

For every j = 1, ... ,n let dj be one of the natural numbers 0,1,2,3. We consider the boundary value 
problem 

-Au + Vp = /, -V-M = .g in/C, (4.1) 
SjU = hj, Nj{u,p) = onTj,j = l,...,n. (4.2) 

Here Sj is defined as 

SjU = M if dj = 0, SjU = Un = u ■ n ii dj = 2, SjU = Ur = u — Unfi if dj = 1. 

The operators Nj are defined as 

Nj{u,p) = -p + 2sn,n{u) if dj = 1, Nj{u,p) = e„,r (w) if dj = 2, 
Nj{u,p) = —pn + 2en{u) if dj = 3. 

In the case dj = the condition Nj{u,p) = 4>j does not appear in (4.2), whereas the condition SjU = hj 
does not appear if dj =3. 

4.1 Weighted Sobolev spaces 

For an arbitrary point a; G /C let p{x) = \x\ be the distance to the vertex of the cone, rj{x) the distance 
to the edge Mj, and r{x) the distance to the set S — {0} UMi U • • • UM„ of all singular boundary points. 
Obviously, there exist positive constants ci , C2 such that 

Let I be a nonnegative integer, /3 e K, ^ = (Ji, . . . , 5n) G R", By V^^^{K) we denote the set of all functions 
with finite norm 



1/2 



•"^\oi\<l fc=l P 

The norm in the weighted Sobolev space W^^(/C), where Jfc > — 1 for A; = 1, . . . ,n, is defined as 

•^'^|a|</ j=l P 



Furthermore, wc introduce the following notation. If d is real number, then W^'^(/C) denotes the above 
introduced spaces with 5 = {d, . . . ,d). li 5 = {5\,...,5n) and d is a real number, then we define 
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W^/3'.5+d(^) = ^fi's'i>^)' where S' ^ {Si + d, . . . , 5n + d). The trace space for V^^^ilC) and Wj^ siJC) on the 

^__2/2 / 1/2 

side of /C are denoted by Vg ^ ' (Fj) and ^ ' (F^), respectively. 

Note that Wj^'^-^^ g,{lC) is continuously imbedded into W^^^(/C) if (5^ < (5j + 1 for j = l,...,n (see 
[16, Le.4.1]). Obviously, V^ g{}C) C W^,5(/C). If 4 > Z - 1 for = 1, . . . ,n, then Vlg{IC) = W^^ giK.). 
Moreover, if u £ Wp ^(/C), 5k > —1, not integer for k = 1, . . . , n, then for the inclusion u G V^^si^) 
is necessary and sufficient that 

idy)\M,=0 for |a| < / - (5fe - 1. 
(cf. Lemma 2.1). Using Lemma 2.7, one can prove the following assertion analogously to [16, Le.4.2]. 

Lemma 4.1 Let e W^^JiVj)'^-''^ and c/jj G wj//(Fj)'^^ j = 1, . . . ,n, be given, where 5j > for all 
j. For every j = 1, . . . ,n let Tj^ and Fj_ be the sides of K. adjacent to the edge Mj. We suppose that the 
functions hj satisfy the compatibility conditions 

{hjjM„hj_\M,) eR{Tj), (4.3) 

where R{Tj) is the range of the operator Tj = {Sj^,Sj_) (cf. condition (2.18)^. Then there exists a vector 
function u G W^ g{IC)^ such that Sju = hj, Nj{u, 0) = 4>j on Tj, j = 1, . . . ,n and 

n 



with a constant c independent of hj and y/j . 



4.2 Operator pencils generated by the boundctry value problem 

We introduce the following operator pencils 2t and Aj. 

1. Let be the sides of /C adjacent to the edge M^, and let 6k be the angle at the edge M^. 
By ^fc(A) we denote the operator pencil introduced in Section 2.9, where = Sk^ and N"^ = Nk±. 
Furthermore, let A^'^'' denote the eigenvalue with smallest positive real part of this pencil, while X2'^ is 
the eigenvalue with smallest real part greater than 1. Finally, we define 



^ _ I Re A^''-' if dk^ + dk_ is odd or dk^ + dk_ is even and 6k > 7r/mfe, 
HeX'^^ if dk^ + dk_ is even and 6k < w/mk, 



where m/; = 1 if dk+ =dk_,mk = 2 if dk+ 7^ dk_ ■ 

2. Let p = \x\, uj = x/\x\, Vq = {u G W^{fl)^ : SjU = on 7^ for j = 1,. . . ,n}, and 

K( p )' ( g )'^) = to^ / (2 ^ "^'^-(^^ ■ "^'^-(^^ - pv . y - (V . [/) q) dx, 

l<|x|<2 

where U = p^u{uj), V = p~^~^v{uj), P = p^^^p{oj), Q = p~'^~^q{uj), u,v € Vn, P,q Q L2{il), and A G C. 
The bilinear form a(-, ■; A) generates the linear and continuous operator 

21(A) : Vh X i2(0) ^V^x L2ifl) 

by 

As is known, the spectrum of the pencil 2t(A) consists of isolated points, the eigenvalues of this pencil. 
Detailed information on the spectrum can be found in [8, Sec. 5, 6]. 
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Let (n) and Wj be the weighted Sobolev spaces with the norms 




/2 



l<|x|<2 

where the function u is extended by u{x) = u(a;/|a;|) to K. The corresponding trace spaces on the side 

^ X/2 / 1/2 

7j are denoted by (7^) and {ij)-, respectively. We consider the restriction of the operator 

a(A) to the space W'^{nf x W^{n). By 215(A), we denote the operator 

wiin)^xWs\n)^{u,p) ^ {f,g,{hj},Wj}) 

n n 

where /(cj) = p^~^{-AU + VP), g{uj) = -p^-^V ■ U, h, = Spi, (bj = p^-^Nj{U,P), and U,P are as 
above. It can be proved that the spectra of the pencils 21(A) and 21^ (A) coincide if niax(0, l — ^k) < 6k < I 
for fc = 1, . . . , n. Furthermore, there exist positive constants A'' and s such that for all A in the set {A G C : 
|A| > N, |ReA| < e|ImA} the operator 215(A) is an isomorphism onto the subset of all (/, .g, {hj}, {4>j}) 
satisfying the compatibility conditions {hj_^_,hj_) G R{Tj) on the corners Mj fl S'^ of fi. For every A in 
this set und every solution (u,p) € W|(0)^ x W/(0) of the equation 215(A) {u,p) = {f,g, {hj}, {(jij}) the 
estimate 

E ll«llv^.(o)3 + E |Ar-^" lbll^^.(o) < c (||/||h^o(o)3 + E Mw^in) 

j=0 j=0 j=0 

n 

holds with a constant c independent of {u,p) and A. For the proof we refer to [16, Th.3.2]. 
4.3 Solvability of the boundeiry value problem 

The following theorem can be proved in a standard way (see, e.g., [7, Ch.6]) using the estimate (4.5). 

Theorem 4.1 1) Suppose that there are no eigenvalues of the pencil 2t on the line ReA = ~(3 +1/2 
and that the components of S satisfy the inequalities max(l — /Xfe,0) < (5fe < 1. Then the boundary value 
problem (4.1), (4.2) is uniquely solvable in Wp^g{IC)^ x W^ g{IC) for arbitrary f G W^^g{IC)^ , g G W^^g{1C), 

hj e Wl'J{Tjf-'^i satisfying (4.3), and G Wl'J{TjY^. 

2) Let {u,p) G W^ g{IC)^ X W^ g{IC) be a solution of the boundary value problem (4.1), (4.2), where 

f G Wl^, s,{ICY, g e VK^^.5,(/C) hj G W^!^g,{r^Y-'^^ , and cjjj G Wj/j, (Ffc)'*.' . Suppose that the components 
of 6 and 6' satisfy the inequality max(l — j2k,0) < S'j^ < Sk < I- If there are no eigenvalues of the pencil 
21 on the lines Re A = -/3 + 1/2 and Re A = -/3' + 1/2, then 

= EE E ^-^'^'^ E ^ (log-")" {p^''u^''''''-''\^),P^-V''''''-''\i^)) + {w,q), (4.6) 

v=i j=i s=a (T=o 

where iw,q) G Wp, gi{ICY x W^, g,{IC) is a solution of problem (4.1)-(4.2), A^ are the eigenvalues of the 
pencil 21 between the lines Re A = —0 + 1/2 and ReA = — /?' + 1/2 and (^u'^'^'^'^^p'^'^'^'^^) are eigenvectors 
and generalized eigenvectors corresponding to the eigenvalue \v 
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Furthermore, analogously to [16, Le.4.3], the following assertion holds. 

Lemma 4.2 Let {u,p) G W|^(/C)^ x W^ g^K.) be a solution of problem (4.1), (4.2). We assume that 

{pd,rf e <,,(/C), (pd^rg e WlsilC), {pdpYh, e Wf/Jir,f-^^ , and {pd,r^, e Wl/Jir,) for v = 
0, . . . , J = 1, . . . , n. //niax(l — /x^, 0) < i5fe < 1 for j = 1, . . . , n and the line Re A = —f3 +1/2 is free of 
eigenvalues of the pencil 2t(A), then {pdpY{u,p) G W^ g{K)^ x W^ g{K,) for u = Q, . . . ,1. 

4.4 Existence of weak solutions 

Let Vp = {u & ^/3,o(^)'^ • ^j'^ = on Tj for j = 1, . . . , n}, and let the operator Af) be defined as the 
mapping 

Vp X w%{iq 9 {u,p) ^ (j^,ff) e vip X w^%(/c), 

where 

F(t;) = 6(u, t;) — / p V • da; for all € V*g and g( = —V • u. 

JK. 

Lemma 4.3 For arbitrary u E V/j, p G Vp{IC), {F,g) = Ai3{u,p) there is the estimate 

with a constant c independent of u and p. Here W^^-^ q(/C) denotes the dual space ofWl_ij Q{K). 
The proof of this lemma proceeds analogously to [16, Le.4.4]. 

Theorem 4.2 The operator Afj is an isomorphism if there are no eigenvalues of the pencil 2t(A) on the 
line ReA = -/?- 1/2. 

Proof. We show first that 

M\wl,,(KY + \\p\\wl,,(K) < c + Mwl^iK)) (4-7) 

for all u e V,3, p € VK^%(/C), (F^g) - Ap{u,p). Let u e Vp C W°_,^^_,{ICY , p £ W^^ilC), w G 
W^i'_^_i_e(A^)'^, and £ W^_^ -^^_^{JC) with sufficiently small positive e. By Theorem 4.1, there exists a 
solution {v,q) G W^_p i_e(A^)^ x W^_f^ -^^_^{IC) of the problem 

-Av -W ■v + Vq = w, V -v = 11) in K:, SjV = 0, Nj{v, q) = on F^, j = 1, . . . , n 

satisfying the estimate 

\Mw?_^^,_^ir + lblko_^,,_,(K;) < c (lklko_^,,_,(K:)3 + IIV'lki_^,,_,(/c))- 
Prom Green's formula it follows that 

/ u-wdx+ / p-ip dx = b{u,v) — / pV-vdx— / (V • m) qdx = ^"(1;) + / gqdx. 
JK Jk Jk Jk Jjc 



Hence, 

j^U ■ W dx + J^ptp dx < \\A0{u,p)\\vz^xW«„iK) (|I^IIvki^_„(?c)3 + ||9||w'°3_o(/C)) 

< c||^/3(u,p)||v*^xvvOo(/c) (ll^llw°_3,i_,(/c)3 + 
Setting w = p'^^l^-'^') IK^j/p)^^^"^^^ ^^'^ V = 0, we obtain 

ll"llw°_,^^_,(K)3 < c||^/3(w,p)||v-^xH'«_„(/C) l|w||w'0_,_^_,(/C)3 
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and, therefore, 

II^IIm'^-i.oCC)' ^ c||m||h'0_^_^_^(^)3 < c\\A/3{u,p)\\v^^^wl„(lC)■ 
Analogously, for w = and arbitrary ip G ^i-/3,o(^) S^* 



JK. 



< c\\Ap{u,p)\\v^^^Wl„{K) \\'^\\wl_^^^_^{K) < c\\'^p{u,p)\\v^^xWl^{K) U\\wl_^^(K) 

what impHes the inequaUty 



Using Lemma 4.3, we arrive at (4.7). 

From (4.7) it follows that Ap is injective and its range is closed. By Theorem 4.1, the range of Ap 
contains the set W^_i e_i(/C)^ x W^_i £_i(A^) which is dense in V^^ x o(/C)- This proves the theorem. 

□ ' ' 

Let F e V*^, g G W^^^oC^)' '''i ^ ^/3,o^ (-'^j ) ^^^^ there exists a vector function 

w e q(/C)^ satisfying the boundary condition SjW = hj on Tj. By a weak solution {u,p) G q(/C) x 
W^ o(^) of problem (4.1), (4.2) we mean a pair {u,p) satisfying 

biu, v)- / pV ■vdx = F{v) for all v G V-fs (4.8) 
Jk 

—V ■ u = g in /C, 5'jM ~ hj on Fj, j = 1, . . . , n. (4-9) 
If (? € ,5(/C) with (5j < 1, J = 1, . . . , n, and the functional F has the form 

F{v)= I {f + Vg)vdx + y] I <j>j-vdx, (4.10) 

with / G W^_,_i ,5(/C), G W^^_^^ s(^j)' then ('U,p) is a strong solution of problem (4.1), (4.2). Theorem 
4.2 ensures the existence and imiqueness of weak solutions provided the line ReA = — /3 — 1/2 does not 
contain eigenvalues of the pencil 21(A). 

4.5 RegulEirity of weEik solutions 

Analogously to [16, Th.4.4], the following result holds. The proof is essentially based on Theorem 2.4. 

Theorem 4.3 Let {u,p) G tF^_j+i o(^)^ ^ W^^_i+i,o(^) ^ solution of problem (4.8), (4.9). Suppose 
that the functional F G Vj^^_|_;_i has the form (4.10), where 

/GW^7/(/c)^ 5GW^t/(x:), G <://'(^,)''^ 

^ > 2, (5fc is not integer, max(/ — 1 — ReA^'^^O) < < I — 1. Suppose further that the vector functions 
hj G wlf^^^{Tj)''-^ satisfy the compatibility condition (4.3) on the edges Mj. Then u G W^ ,5(/C)^ and 
p&W^JilC). 

Corollary 4.1 Let the assumptions of Theorem 4.3 be valid. Additionally, we assume that {pdpY f G 
W^JilCf, {pd.fg G W^-lilC), {pd.Yhj G w'-;'\Tjf-'^^, {pd,r4.j G w'-,'/\rjr^ foru = l,...,N 
andj = l,...,n. Then {pdpfu G Wj^^^ilCf and {pdpfp G W'fJ- {K) for v = 1, . . . ,N . 

Proof It suffices to prove the assertion iov N = 1. For A'' > 1 it can proved by induction. Let first 

Sk > I — 2 and, therefore, max(l — Re A^'^'* ,0) < Sk — I + 2 < 1 for fc = 1, . . . , n. Then from Theorem 4.3 
and Lemma 4.2 it follows that pdpU G W|_;_,_2 ,5_;_|_2(/C)'^ and pdpp G W^_;_,_2 ,5_;_|_2(A^)- Using Theorem 
4.3, the equations 

-A{pdpu) + Vipdpp) = [pdp + 2)f - Vp e W'-J{]C)\ -V • {pdpu) = {pdp + 1) 5 e W'p-l (/C) (4.11) 
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and analogous equations for Sj{pdpu) and Nj{pdpU, pdpp), we obtain pdpU G Wj^ ^{JC)^ and pdpP e 

Now let 6k < 1-2 fov k = l,...,n. By Theorem 4.3, we have {u,p) G W^^^^ilCf x W^7/(/C) and, 
consequently, pdp{u,p) G W^~^^ ^(/C)^ x W^~^ ^(/C). Using again Theorem 4.3 and (4.11), we obtain 

pdp{u,p) e w},^si)^r X M^^:/(/c)'. 

Finally, let 5^ < ? — 2 for some, but not all, k. Then let ipi,. ..,ipn be smooth functions on fl such 
that ipj > 0, tpj = 1 near Mj n 5^, and ^ tpj = 1. We extend ipj to IC by the equality V'i(2^) = 
Then d"tpj{x) < c |a:;|~l"l . Consequently, the assumptions of the corollary arc satisfied for {i'ju, i^jp), and 
from what has been shown above it follows that pdp{ipjU,ijjjp) G W^ g{)C)'^ x W^~^^(/C) for j = 1, . . . ,n. 
This completes the proof. ■ 

Remark 4.1 If dk_^ + dk_ is even and, moreover, 6k < tt for dk^ = dk_, 0k < 7r/2 for dk_^ 7^ dk_. then 

the number ReAj^ in the condition on Sk of Theorem 4.3 and Corollary 4.1 is equal to 1 and can be 
replaced by pk- However, ii Sk <l — 2, then hkj^, 4'k± and g must satisfy certain additional compatibility 
condition on the edge (cf. Theorem 2.6 and Remark 2.2). 

In the case when A = is not an eigenvalue of the pencils AkiX), we obtain a regularity result 
analogous to Corollary 4.1 in the class of the weighted spaces ,5. In the following corollary, let Cfej '7fc be 
smooth cut-off functions on fl equal to one near the corner Q fl Mk such that r//s = 1 in a neighborhood 
of supp Cfe and ?7/j = in a neighborhood of the corners fl fl Mj, j ^ k. We extend Cfe and % by 

Ck{x) = Ck{x/\x\), r}k{x) = r]k{x/\x\) 

to functions on K. 

Corollary 4.2 Let {u,p) G W^;3_j+i,o(^)^ x ^,3-/+i,o(^) solution of problem (4.8), (4.9), where 

l>2,Fe Vl*^+;_i has the form (4.10), mipdpY f G ^^^^/(/C)^, rik{pdpYg G ^^^^/(/C), iikipdpfhj G 

V^'^^^^(rj)'^^''^ ^ rik{pdpY(j)j G /'''^(rj)''^ , /or = 1,...,A/'. Suppose that 6k is positive and not 
integer and that the strip < Re A < I — 1 — 6k does not contain eigenvalues of the pencil Ak{X). Then 
CkipdpYu G F^,5(X;)3 and UpdpYp G ^^^/(/C) for v = I, . . . ,N . 

Proof. From Corollary 4.1 it follows that C,k{pdpYu G W^^^ilCf and Ck{pdpYp e W^7/(/C) for 
= 1, . . . , TV. Moreover, due to Lemma 2.17, we have xCkipdpYu G ^^.^(/C)^ and xCk{pdpYp e ^/^^^(^) 
for = 1, . . . , iV and for every smooth function x with compact support vanishing near the vertex of the 
cone. Therefore, 

d^CkipdpYu = on Mfc for \a\ < I - 1 - 61, d°Ck{pdpYP = on Mfe for \a\ < I - 2 - 61. 

This implies Cfe {pdpYu € V^^^ i^? and Cfe {pdpYp € l^^^/ (/C) for = 1, . . . , iV. □ 

The following theorem can be proved analogously to [16, Cor.4.3] by means of the the second part of 
Theorem 4.1. 

Theorem 4.4 Let {u,p) G W^^ilCY x Wj^^ilC) be solution of problem (4.8), (4.9), where g G W^o(/C)n 

W^'fii^), hj G W^-^^^Fj) n wlf^^^iTj), and G V_!^ n V*^^,. If there are no eigenvalues of the pencil 
2t(A) on the lines ReA = — /3 — 1/2 and ReA = — /?' — 1/2, then {u,p) admits the decomposition (4.6), 
where w G W^, q{ICY , q G W^, q{1C), and Xi, are the eigenvalues o/2t(A) between the lines Re A = —(3—1/2 
anrf ReA = -/?'- 1/2. 
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4.6 Estimates of Green's matrix 

A matrix G(a;,^) = {Gij{x,£,))'^ is called Green's matrix for problem (4.1), (4.2) if 

-A,Gjix,0 + V,G4,,(a;,0 = S{x - (^ij, ^2j, (^sj)* for x,^€lC, (4.12) 
-V^ • Gj{x, = Sij 6{x - for x,^gK., (4.13) 
SkGj{x,0 = 0, Nk{d,) {Gj{x,^),Gij{x,0) =0 for ar G Tfe, ^ e /C, (4.14) 

k = 1, . . . ,n. Here denotes the vector with the components Gij,G2,j,Gsj. 

Theorem 4.5 1) Suppose that the line Rc A = — /3 — 1/2 is free of eigenvalues of the pencil 21(A). Then 
there exists a unique Green matrix G{x,S^) such that the function x ({\x — ^\/r{^))Gij{x,^) belongs 
to Wp f^{JC) for i = 1,2,3 and to W| q(/C) for i = A, where C, is an arbitrary smooth function on (0, oo) 
equal to one in (1, oo) and to zero in (0, i). 

2) There are the equalities 

Gi^j{tx,t^) =t-^Gij{x,0 forx,^GlC, t>0, (4.15) 

where T = 1 + (5j,4 + Sj^4. 

3) The functions Gij {x, ^) are infinitely differentiable with respect to x,^ G x ^ ^, and satisfy 
the following estimates for \x\/2 < \^\ < 2\x\. 

\dyjGij{x,0\<c\x-^\-^-\'^\-\^\ if\x-^\<min{rix),rm 

|5,"5,-G,,(a:,0| <ck-e|-^-H-M(^)"'°^'^ (^)'^^'^^«\ |x - C| > niin(r(x), r(e)), 

where CFi^a{x) = min(0, /ij; — \a\ — 4 — e), ii^ = fJ-kix)! '^i^d k{x) is the smallest integer k such that 
r{x) = rj.(x). In the case when X = is not an eigenvalue of the pencil Ai^(^^-^{X), one can even put 

a^^a{x) - ReA^''*"''^ - (5,,4 - \a\ - e for \a\ < ReA^ ^"'^^ - 5^,4. 

Furthermore, for j — 1, ... ,4 there is the representation Gij{x, ^) = — Vx ■ Pj{x, (,) + Qj{x, where 
Pj {x, ^) • n for X GVk, k = 1, . . . ,n, ^ €T>, and the inequalities 

\dyjPj{x,0\ < c„,^|a;-C|-'-'-^-l"l-l^l, \d^d]Qj{x,0\ < c„,^ r(0-'-*-*-l"l-l^l (4.16) 

are satisfied for \x — ^\ < min(r(x),r(^)). 

4) The functions } C{\x - C\/r{x))G^J{x,^) belong to Wl^_o(/C) for j = 1,2,3 and to W°^ (,(/C) 

for j = 4. The vector functions Hi = (Gj,i, G,,2, Gj^a)* and the functions Gj,4, i = 1, 2, 3, 4, are solutions 
of the problems 

-A^i?,(x, + V^G,,4(3:, = H^' - {SrA,6,,2, <5i,3)* for x,^GlC, 
-V^ • Hi{x,£,) = (5i,4(5(x - £_) for a;,^ e /C, 

5fcff,(x,e)=0, Nkid^){H,{x,0,G,A{x,0) =0 forxGiC, ^GTk, k = l,...,n. 

This means that every solution {u,p) € C^{IC)^ of equation (4.1) satisfying the homogeneous boundary 
condition (4.2) is given by the formulas 

M^) = [ {f{0 + '^M)-Hi{x,Od^+ [ 9{0GiA{x,0d^, i = l,2,3, (4.17) 
Jk Jk 

p{x) = -g{x)+ [ {f{0+VM)-H4{x,0dC+ [ 9{0G4A{x,0d^- (4-18) 
Jk Jk 

Proof. 1) We define Green's matrix by the formula 

G{x, = (1 - C(^7r )) ^(^' + Ri^, 0, 
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where Gix,£,) is Green's matrix of Stokes system in R'^. The existence of a matrix R{x,£,), where 
Ri,j{-A) e Wj.o(^), i = 1,2,3, and Ri,j{-,0 e W^^ilC) are such that G{x,^) satisfies (4.12)-(4.14) 
follows from Theorem 4.2. 

2) Eq. (4.15) follows directly from the definition of G{x,£^). 

3) The smoothness of G{x, ^) for x ^, x,^ G )C\S follows from the manner of its construction. The 
estimates of Green's matrix and the representation for the components Gi,j can be proved analogously 
to the third part of Theorem 3.2 using the estimates for Green's matrix in a dihedron. 

4) The last assertion can be proved analogously to [12, Th.2.1]. □ 

As a consequence of items 3) and 4) of the last theorem, the following assertion holds. 

Corollary 4.3 For i = 1, ... ,4 there is the representation Gi^4{x,^) = — • Vi{x,^) + Qi{x,^), where 
'Pi{x,^) ■ n for ^ e Ffc, x eV, and Vi and Qi satisfy the estimates 

\dSdJVi{x,0\<Ca,^\x-^\-'-'''^-^"^-^^K |5«5j^Qi(a;,0l <Ca,-yr-(0-'-**'*-'"'-'^' 

for |a; — ^1 < min(r(a;), r(^)). 

Finally, we estimate Green's matrix and its derivatives in the cases > 2|^| and |^| > 2\x\. For this 
we need the following lemma. 

Lemma 4.4 1) If u & Vg^^(/C), pdpU e V^^{IC), I > 2, then there exists a constant c independent of u 
and x such that 

r, 1 ^ ~J-^ / - \ max((5^ — /+1,0) / \ 

^0-1+3/2 -Q 1^^^ 1^(^)1 < ^ (||«||^,^(^) + \\pd,u\\^,^^^^)^) (4.19) 

i=i 

2) If u G Wp^j{lC), pdpU e Wp^g{]C), I > 2, 6k I — I for k — 1, . . . , n, then there is the estimate 

P^-'+'/'n (^) K^)l <c(ll«llv^< ,(^) + ||p5,«||^, ^(^))). (4.20) 

fe=i ^ 

Proof. 1) Applying the estimate 

sup \vip)\'<c r {\v{p)\^ + \pv\p)\^)^ 

0<p<oo Jo P 

(which follows immediately from Sobolev's lemma) to the function p^~^~^^^'^u{p,Lo), we obtain 

POO 

sup p'^^-''>+'\u{p,io)\' <c p^^''-'+'\\u{p,iv)\^ + \pdpu{p,^)\')dp. (4.21) 

0<,9<oo Jo 

Furthermore, by Lemma 2.2, we have 

n 

sup n rfc(a;)^'=-'+i \pdpu{p,u)\ < c\\pdpu{p, ■)\L,f^y (4.22) 
Since the norm in V^ g{IC) is equivalent to 

_ ^ _ \ 1 /2 

p2iP-i+i)^\\^pdp)Mp,-)\\l.-.^a)dp) , 
fe=o 

The last inequality together with (4.21) implies (4.19). 
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2)USk>l-l for all k, then W'^ gilC) = V^ g{IC) and (4.20) follows from (4.19). If 4 < ^ - 1 for a 
certain k, then any function v G Wg (f2) is continuous at the corner M). fl and the supremum of t; in a 
neighborhood of this corner can be estimated by the Wj norm of v. Therefore, instead of (4.22), we have 

n 

sup n rfe(a;)--(^'=-'+i>°) \pdMP,^)\ < c ||p5,«(p, •)||^,(o)- 

This together with (4.21) implies (4.19). □ 

Theorem 4.6 Let G{x,(^) be Green's matrix introduced in Theorem 4.5. Furtherm,ore, let A_ < Re A < 
A_|_ be the widest strip in the complex plane which is free of eigenvalues of the pencil 21(A) and which 
contains the line Re A = —(3 — 1/2. Then for \x\ > 2|^| there is the estimate 

k=l ' ' k=l 

where e is an arbitrarily small positive number and (Tk,i,a = min(0,/ife — |q;| — (5j,4 — e). In the case 
when \ = Q is not an eigenvalue of the pencil Ak{\) and \a\ < ReA^'^^ — ^,,4, we can even put ak,i,a = 
Re A^*^^ — |a| — 6i^4 — e. Analogously, 

fc=i ^ 1^1 fc=i ^ 1^1 

for\^\>2\x\. 

Proof. Suppose that \x\ = 1. We denote by Q and rj smooth functions on K such that C(0 = 1 for 
1^1 < 1/2, 77 = 1 in a neighborhood of supp^, and ri{^) = for |^| > 3/4. Furthermore, let I be an integer, 
I > maxfih + 1, Z > 3. By Theorem 4.5, we have 

viO ( - ^id^Hiix, + V^5«G,,4(ar, 0) = 0, r?(0 • Hi{x, = for ^ e /C, 
v{OSkd^Hi{x,0 = 0, viONkidi) {d^Hi{x,£),d^Gi^i{x,£)) =0 for ^ G T^, fc = 1, . . . ,n, 

for i = 1,2,2,, A. Since r]{-)d^Hi G W^f^ f^{IC)^ and T]{-)d^G^,4{x, ■) G W^^oilC), we conclude from 
Corollary 4.1 (see also Remark 4.1) and Theorem 4.4 that 

C(-) {m^iY dJd^Hdx, •) G T4^^,+|^|,,^.|,|(/C)^ C(-) im^iYdp^G^A^, •) G W^^°+|^,,,+|^|(/C) 

for J = 0, 1, . . ., where (3' = I + A_ + e — 1/2, Sk — I — I — f^k + £■ If A = is not an eigenvalue of the 
pencil Afe(A), then by Corollary 4.2, we have also C(-) Cfe(-) mOi^iY dJd^Hiix, •) G ,5,+|^|(/C)3 and 

C(-) a(-) md\i\ydJd^G,,4{x, •) G 1^^%,^|,5,+|^,(/C), where S',^ = I - 1 - ReXi"^ + e (here & is the cut-off 
function introduced before Corollary 4.2). Using Lemma 4.4, we obtain 



fc=l 

< c ^ 



: (h(-)a,"i?i(x, Ollv^i.^^CiQ^ + ||?7(-)9."G,,4(x, ■)\\wo_^ „i^K)) (4-23) 
for i, j = 1,2,3,4, and |^| < 1/2, where c is independent of x and ^. By Theorem 4.2, the problem 

b{u,v) — I pV-v= i ri{y) F{y) ■ v{y) dy for all w G 

Jjc Jk 
—V ■u = r]g in K., SkU = on Ffe 
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has a unique solution {u,p) € Va x W^ q{IC) which van be written in the form 

Ui{y)= I v{z)iF{z)-Hi{y,z)+g{z)Gi,4{y,z))dz, i = 1,2,3, 

JK. 

V{y) = -V{y) 9{y) + [ {F{z) ■ H^y, z) + g{z) Gi^^iy, z)) dz. 
Jk 

Let xi and X2 be smooth cut-off function, X2 = 1 in a neighborhood of a;, xi = 1 in a neighborhood of 
X2, X^{y) = foi" k ~ y| > 1/4- Since xi and r] have disjunct supports, we have 

Xi(-Au + Vp) = 0, xiV • u = 0, xiSkU = 0, XiNk{u,p) = 0. 

Consequently, from Corollary 4.1 (see also Remark 4.1) and Theorem 4.4 it follows that 

X2{pdpyd'^u e <,,5+|„|(/c)3, X2{pd,yd:p G w'p-],+^^^{icf 

for arbitrary integer j and for arbitrary 13" . In the case when A = is not an eigenvalue of the pencil 
Ak{X), then by Corollary 4.2, 

Thus, by Lemma 4.4, 

n n 

fe=i fe=i 
This means that the functional 

fc=i 

= n rfe(x)-'=.- / rj{z) {F{z) ■ d^Hi{x, z) + g{z) d^d^^ix, z)) dz, 
fe=i 

i = 1,2, 3, and 

n 

Vl^ X W^°^,o(^) 9 {F,9) - n 

fe=i 

n „ 

= n ^fcla;)-""^'" / ri{z) {F{z) ■ d^H^x, z) + g{z) d^Gi,i{x, z)) dz, 
k=i •''^ 

are continuous and their norms are bounded by constants independent of x. Consequently, 

n 

U-)d'iH,{x,-)\\v_, + h(-)5,"G,,4(x,.)||^o^ ^(;c) < c n 

for i, 1, 2, 3 and 

n 

U-)dtH,{x,-)\\v_, + \H-)dtGiA^,-)\\wo_^^^iK) < cUnixr'^-. 

fe=i 

Combining the last two inequalities with (4.23), we obtain the assertion of the theorem for |a;| = 1, 
1^1 < 1/2. Since Gi,j{x, ^) is positively homogeneous of degree —1 — (5i_4 — Sj^^, the estimate holds also for 
arbitrary a;, ^, |^| < \x\/2. The proof for the case \^\ > 2\x\ proceeds analogously. □ 
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Remark 4.2 The estimates in Theorems 4.5, 4.6 can be improved by means of Theorem 3.3 and Corollary 
4.1 if the direction of the derivative is tangential to the edges. In particular, we have 

|a,G,,(.,0| <clx-r^-^^-^^'^ ^^^n.WO,..-..-.) ^^^..(0,.,_,,-e) 

if |x|/2 < 1^1 < 2\x\, \x - 41 > min(r(a;), r(4)), 

\d,G,,M\ < ci.i— ^.-^ ir--— n fi my-' 

fe=i ' ' fe=i 

if \x\ > 2|4| and 

if 1^1 > 2\x\, where Uk,ifi = min(0,/ifc - ^j,4 - e)- 
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